Linearization of the Wasserstein space

& quantitative stability of optimal transport maps

Frédéric Chazal Alex Delalande  Quentin Mérigot

institut

[
C - universite ? o i
lreeia— PARIS-SACLAY 'w L yersitatre

DGDVC Conference, CIRM 2021



1. Wasserstein distance



Wasserstein distance

_et Prob,(R%) = {u € Prob(R?) | [ ||z||Pdp < +oc}.

p-Wasserstein distance between p, v € Prob,(R%):

. 1
W, (11, ) = (minsepua 1z — ylIP dy(z, )"

where I'(u, ) = couplings between i and v C Prob(R? x R%).
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Wasserstein distance

» Let Prob,(R%) = {u € Prob(R?) | [ ||z||Pdp < +oc}.

p-Wasserstein distance between p, v € Prob,(R%):

: 1/
WP(:“» V) — (mln'yEI‘(,u,l/) HZIJ — prd’V(xay)) "

where I'(u, ) = couplings between i and v C Prob(R? x R%).

N . 1/
ex. | = % Y iy 0, V= % 22;1 Oy, = Wy (p,v) = (mmJEGN |z; — ya(i)Hp) ’

» On Prob(X), with X C R% compact, W, metrizes the weak* convergence

The Wasserstein distances makes sense for data (point clouds, gray images, meshes)

which describe some distribution of mass, e.g. histograms.
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Wasserstein distance

» Let Prob,(R%) = {u € Prob(R?) | [ ||z||Pdp < +oc}.

p-Wasserstein distance between p, v € Prob,(R%):

: 1/
WP(:“» V) — (mln'yEI‘(,u,l/) HZIJ — prd’V(xay)) "

where I'(u, ) = couplings between i and v C Prob(R? x R%).

N . 1/
ex. | = % Y iy 0, V= % 22;1 Oy, = Wy (p,v) = (mmJEGN |z; — ya(i)Hp) ’

» On Prob(X), with X C R% compact, W, metrizes the weak* convergence

The Wasserstein distances makes sense for data (point clouds, gray images, meshes)

which describe some distribution of mass, e.g. histograms.

» One can extend some usual statistical notions to the Wasserstein space:

ex. Wasserstein barycenter between (i1,..., un with coefficients aq,...,any > 0:
[Agueh, Carlier "10]

bary((u:), (@;)) := argmingeprob(x) ZlgiSN o7 Wg(ﬂa Hi).

but also: k-means algorithm, principal component analysis, etc.
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1D Wasserstein space and Quantiles

» Given u € Prob(R), there exists a unique nondecreasing T}, € L*([0, 1])
satisfying T, xp = p, with p = Lebesgue measure on [0, 1].

. (B))
< VreR, T Yz)=X[0,T; (2)]) = u((—o0, z])

7

NB: T, x\ = u <= VB CR, \N(T,;}(B)) = u(B)
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1D Wasserstein space and Quantiles

» Given u € Prob(R), there exists a unique nondecreasing T}, € L*([0, 1])
satisfying T, xp = p, with p = Lebesgue measure on [0, 1].

NB: TuA = p <= VB C R, \(T,,'(B)) = n(B)
< Vz € R, Tu_l(az) — )\([O,Tu_l(x)]) = u((—o0, )

» T, is the inverse cdf, also called quantile function.

| N - 1
uzﬁzizléxi withzy <...,<zny =T, =x; on [ZN,;\’,].
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1D Wasserstein space and Quantiles

» Given u € Prob(R), there exists a unique nondecreasing T}, € L*([0, 1])
satisfying T, xp = p, with p = Lebesgue measure on [0, 1].

NB: TuA = p <= VB C R, \(T,,'(B)) = n(B)
= Ve eR, T, (z) = AN[0,T, " (z)]) = p((—00, z])

» T, is the inverse cdf, also called quantile function.
[ = %27{\;15% withzy <...,<zny =T, =x; on

1
N
— N Zui=1 Yy Yy >~ .-, > YN v = Y N N -

Wp(:uv V)p — N Zl<z<N sz o yJHp — HT TVHLP( 0,1])

N

X1 o Y1 X3 Y2 Y3
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1D Wasserstein space and Quantiles

» Given u € Prob(R), there exists a unique nondecreasing T}, € L*([0, 1])
satisfying T, xp = p, with p = Lebesgue measure on [0, 1].

NB: TuA = p <= VB C R, \(T,,'(B)) = n(B)
< Vr eR, T (z) = A([0, T, (z)]) = p((—o0, 2])

» T, is the inverse cdf, also called quantile function.
[ = %27{\;15% withzy <...,<zny =T, =x; on

1
N
— N Zui=1 Yy Yy >~ .-, > YN v = Y N N -

Wy (p, v)P = % Z1§z‘§N |z — y;[|P = || T}, Tl/HLp( 0,1])

» This property remains true for any pair of probability measures i, v € Prob(R):

Wi (2,) = (fio) ITu(®) = T ()P dt) = Ty = T oo,

In particular, p +— T}, embeds isometrically in Prob,(R) into L?([0, 1]) !

» No such isometric embedding in higher dimension: (Prob,, W,) is curved.

4-5



Example: 1D Wasserstein barycenters

Proposition: The W5 barycenter of py,...,un € Probs(R) and aq,...,any >0 is

bary((w:), (ai)) = (Zjai 2 OéiT‘“)# P
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Example: 1D Wasserstein barycenters

Proposition: The W5 barycenter of py,...,un € Probs(R) and aq,...,any >0 is

bary((w:), (ai)) = (Zjai 2 aiT‘“)# P
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Example: 1D Wasserstein barycenters

Proposition: The Wy barycenter of uq,...

bary((u:), (i) =

aiTMz‘

)"

, by € Probs(R) and ag, ..

.,OzNZOiS

Proof: p € argmin,, ZZ Q; W%(,uz-,,u) < u € argmin,, ZZ OéiHTm — qu

<\:>TM:Z—

e

1

i X
1
Zi %)

Zi &iTM‘
Zz’ a’iTMz‘)

#p




Example: 1D Wasserstein barycenters

Proposition: The Wy barycenter of uq,...

bary((u:), (i) =

(X@TM) ” %

oy € Probs(R) and aq,...,any >0 is

Proof: p € argmin,, ZZ Q; W%(,uz-,,u) < u € argmin,, ZZ OéiHTm — qu

e

7

#/0

Example: If y; = % Zj 53;4-, with z1 < ... < :zz,fV and a; > 0, the Wy barycenter is

(

i o],
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Example: 1D Wasserstein barycenters

Proposition: The W5 barycenter of py,...,un € Probs(R) and aq,...,any >0 is

bary((w:), (ai)) = (Zjai 2 OéiT‘“)# P

Proof: p € argmin,, ZZ Q; W%(,uz-,,u) < u € argmin,, ZZ Oéz'HTm — qu
< TM — Z; Zz aiT,u,i

i i

— U = (Zjai Zz Oéz'T’ui)

#/0

L <...<z) and a; > 0, the Wy barycenter is

(

Example: If yu; = ~ D 0,3, with @

bary((1:), () = + D 0zs with T = Zjai S oy

In 1D, computing a Wy barycenter between empirical measures

<= sorting the positions of the Dirac masses + averaging !




2. Linearized Wasserstein distance
[Wang, Slepcev, Basu, Ozolek, Rohde "13]



Motivation 1: Monge-Kantorovich Quantiles

» Given i € Prob(R), there exists a unique nondecreasing T}, € L([0, 1])
satisfying T, xp = p, with p = Lebesgue measure on [0, 1].

» The map p— 1), embeds isometrically in Prob,(R) into LP([0,1]) .
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Motivation 1: Monge-Kantorovich Quantiles

» Given i € Prob(R), there exists a unique nondecreasing T}, € L([0, 1])
satisfying T, xp = p, with p = Lebesgue measure on [0, 1].

» The map p+— T, embeds isometrically in Prob,(R) into L?([0, 1}) .

How to extend this notion to a multivariate setting 7

Theorem (Brenier, McCann) Given p € Prob®(R%) and i € Prob(RY),
3! p-a.e. T, : R — RY such that T,,.p = p and T,, = V¢ with ¢ convex.

» Monge-Kantorovich quantile := T),. Need of a reference probability density p.

» 71, is unique p-a.e. but the convex function ¢,, is not necessarily unique.

» T, :spt(p) = R%is monotone: (T, (x) — T,(y)|lz —y) > 0.
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Numerical Example: Monge-Kantorovich Depth

Source: p = uniform probability density on B(0,1) C R?
Target: = % D 1<i<n Oy, With N = 10* points
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"Monge-Kantorovich depth of y;" ~ || T, " (ys)]|-

[Cherzonukov, Galichon, Hallin, Henry]



Numerical Example: Monge-Kantorovich Depth

Source: p = uniform probability density on B(0,1) C R?

Target: = % D 1<i<n Oy, With N = 10* points
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Motivation 2: o +— 1, —1d as a logarithm
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Motivation 2: o +— 1, —1d as a logarithm
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Motivation 2: o +— 1, —1d as a logarithm

", 4 geodesic emanating from p € Prob,(R%)
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tangent space 7,Proby(R?) C L?(p, R?)

Riemannian geometry

Optimal transport

point

geodesic distance
tangent space
exponential map

inverse exponential map
distance in tangent space

r € M
dg(xay)
T,M
exp, :1TpM — M
exp, (r) € T,M
lexp, ' (z) — exp, " (1)l g(ao)

1 € Probs(R?)
Wo (:uv V)
T,Probs(R%) C L?(p, X)
v € T,Probs(R%) — (id + v),
T, —id € T,Probs(X)
[T, — TVHL2(p)




Motivation 2: o +— 1, —1d as a logarithm

% geodesic emanating from p € Prob,(R%)

T AT with direction v € TpPron(Rd)
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Riemannian geometry Optimal transport
point re M 1 € Probs(R?)
geodesic distance dg(z,y) Wa (i, v)
tangent space T,M T,Probs(R%) C L?(p, X)
exponential map exp, : TpM — M v € T,Probs(R%) — (id + v),
inverse exponential map expgl(:c) cT,M T, —id € T,Proba(X)
distance in tangent space | || exp, " (z) — exp, " (¥)|lg(z0) [T — T |L2 ()

» The map u € Proby(R%) — T, € L2(X) is an injective map, with image
the space of (square-integrable) gradients of convex functions on X.

B Linearized OT framework — [Wang, Slepcev, Basu, Ozolek, Rohde "13]
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Wy, (u,v):=||T, —T,||L2¢p) — [Ambrosio, Gigli, Savaré '04]
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» The map u € Proby(R%) — T, € L2(X) is an injective map, with image
the space of (square-integrable) gradients of convex functions on X.
B Linearized OT framework — [Wang, Slepcev, Basu, Ozolek, Rohde "13]
W, ,(u,v) =T, —T,||L2¢p) — [Ambrosio, Gigli, Savaré '04]

Geometric embedding of Prob,(RY) into the Hilbert space L2(p, RY).




Example: barycenter computation

» Barycenter in Wasserstein space: i1, ..., 1, € Probs(RY), ay,...,ar > 0:
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Example: barycenter computation

» Barycenter in Wasserstein space: i1, ..., 1, € Probs(RY), ay,...,ar > 0:

poi= argming<i<i 30 <<, & Wa(H, i).

—— Need to solve an optimisation problem every time the coefficients «; are changed.
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Example: barycenter computation

» Barycenter in Wasserstein space: i1, ..., 1, € Probs(RY), ay,...,ar > 0:

poi= argming<i<i 30 <<, & Wa(H, i).

—— Need to solve an optimisation problem every time the coefficients «; are changed.

» "Linearized” Wasserstein barycenters: p := (Z-loz' > CmTM)# p.

— Simple expression once the transport maps 7),, : p — p; have been computed.

coeff = [0.0, 1.0]

spt (o) spt (1)

®
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Example: barycenter computation

» Barycenter in Wasserstein space: i1, ..., 1, € Probs(RY), ay,...,ar > 0:

poi= argming<i<i 30 <<, & Wa(H, i).

—— Need to solve an optimisation problem every time the coefficients «; are changed.

» "Linearized” Wasserstein barycenters: p := (Z-la- > CkiTM)# p.

— Simple expression once the transport maps 7),, : p — p; have been computed.

coeff = [0.2, 0.8]

spt (o) spt (1)

®

(0.8}, +0.2T), ) #p
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Example: barycenter computation

» Barycenter in Wasserstein space: i1, ..., 1, € Probs(RY), ay,...,ar > 0:

poi= argming<i<i 30 <<, & Wa(H, i).

—— Need to solve an optimisation problem every time the coefficients «; are changed.

» "Linearized” Wasserstein barycenters: p := (Zjai > CkiTM)# p.
— Simple expression once the transport maps 7),, : p — p; have been computed.

coeff = [0.4, 0.6]

spt(,uo) spt(u1)

o* \N
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Example: barycenter computation

» Barycenter in Wasserstein space: i1, ..., 1, € Probs(RY), ay,...,ar > 0:

poi= argming<i<i 30 <<, & Wa(H, i).

—— Need to solve an optimisation problem every time the coefficients «; are changed.

» "Linearized” Wasserstein barycenters: p := (Z-la- > CkiTM)# p.

— Simple expression once the transport maps 7),, : p — p; have been computed.

coeff = [0.6, 0.4]

spt (o) spt (1)

®

10 -6



Example: barycenter computation

» Barycenter in Wasserstein space: i1, ..., 1, € Probs(RY), ay,...,ar > 0:

poi= argming<i<i 30 <<, & Wa(H, i).

—— Need to solve an optimisation problem every time the coefficients «; are changed.

» "Linearized” Wasserstein barycenters: p := (Zla, > CwTM) p.
T #
— Simple expression once the transport maps 7),, : p — p; have been computed.

coeff = [0.8, 0.2]

spt (o) spt (1)
oY

10 -7



Example: barycenter computation

» Barycenter in Wasserstein space: i1, ..., 1, € Probs(RY), ay,...,ar > 0:

poi= argming<i<i 30 <<, & Wa(H, i).

—— Need to solve an optimisation problem every time the coefficients «; are changed.

» "Linearized” Wasserstein barycenters: p := (Zla, > CwTM) p.
T #
— Simple expression once the transport maps 7),, : p — p; have been computed.

coeff = [0.8, 0.2]

spt (o) spt (1)
oY

What amount of the Wasserstein geometry is preserved by the embedding p — 1,7
10 - 8




Example: k-Means for MNIST digits

MNIST has M = 60000 images grayscale images (64 x 64 pixels) representing digits.
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Example: k-Means for MNIST digits

MNIST has M = 60000 images grayscale images (64 x 64 pixels) representing digits.

Each image of € Mg4(R) is transformed into a probability measure on [0, 1] via

e _ 1 ¢ - _
Bo= s D i Qi O(a; zy)  With m = &5

1, g
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Example: k-Means for MNIST digits

MNIST has M = 60000 images grayscale images (64 x 64 pixels) representing digits.

Each image of € Mg4(R) is transformed into a probability measure on [0, 1] via
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Example: k-Means for MNIST digits

MNIST has M = 60000 images grayscale images (64 x 64 pixels) representing digits.

Each image of € Mg4(R) is transformed into a probability measure on [0, 1] via

pt = Z D i O/J(S(x z;),  With z; = =

1,7 ’Lj

T" =T, € L?([0,1],R?) [OT map from p = Lebyg 1)z to p]

We run the K-Means method on the transport plans, with K = 20.
Each cluster X* C {0,..., M} yields an average transport plan S* = |Xk| D vex T*,

and S% P Is the "reconstructed measure”.

S%p
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2. Known properties of 1 — 1),
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» The map p— T, is continuous.

» The map p — T), is not better than Z-Halder.

Take p = fLebp(p 1) on R?, and let g = (84, + uy... ), With zg = (cos(9), sin(6)).

/

To (xglx) >0

Then T, () = |
1o () Ty, if not

; so that |7}, — Tu9+5H%2(p) > C0

Since on the other hand, Wa(ug, pgas) < C6,
Lo

HTMG o T,u9+5 HL2(p) > C Wy (,uea M9+5)1/2

Lo+
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Local %—Hélder continuity

Thm: Assume p € Prob®(X) and pu, v € Prob(Y) with X, Y C R? compact

If|T, is L-Lipschitz|then ||T, — T, ||2 < C W1 (u, ) with C' = 4L diam(X).
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Thm: Assume p € Prob®(X) and pu, v € Prob(Y) with X, Y C R? compact

If|T, is L-Lipschitz|then ||T, — T, ||2 < C W1 (u, ) with C' = 4L diam(X).

[Ambrosio,Gigli '09], see also [Berman '18].

» No regularity assumption on v — applicable in statistics and numerical analysis.

» The hypothesis that 7, is Lipschitz is practically restricting:
1) it implies that spt(u) is connected.

2) it can be proven only under very strong conditions on the data:
e.g. if p, u are absolutely continuous on smooth uniformly convex sets,
with C densities bounded from above and below, then T}, is Ct*.
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Global Holder continuity

Theorem (Berman ’18): Assume that p is the Lebesgue measure on X, and
u, v € Prob(Y') with X convex compact and Y compact. Then,

|7}, — T,/H%Q(p) < CWi(u,v)* with a = 2d—1%d—|—2)
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Global Holder continuity

Theorem (Berman ’18): Assume that p is the Lebesgue measure on X, and
u, v € Prob(Y') with X convex compact and Y compact. Then,

|7}, — T,,H%Q(p) < CWi(u,v)* with a = 2d—1%d—|—2)

» [ he Holder exponent is not tight, but the inequality holds without regularity
assumption on i, V!

» Proof of Berman's theorem relies on techniques from complex geometry, and in
particular an inequality due to Blocki.

» By [Andoni, Naor, Neiman '18], the space (Probs(R?), W5) does not admit a
bi-Holder embedding into any L? space when d > 3.
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2. Global, dimension-independent,
Holder-continuity of p+— 1,.



Main theorem

Thm: Let X be convex compact and p a density on X with || log(p)]|ec < 400
Let Y be compact. Then, Vu,v € Prob(Y), [T, — Ty lr2x) < C Wa(u,v)'/6.

M., Delalande, Chazal '19; Delalande, M. "21]
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Main theorem

Thm: Let X be convex compact and p a density on X with || log(p)]|ec < 400
Let Y be compact. Then, Vu,v € Prob(Y), [T, — Ty lr2x) < C Wa(u,v)'/6.

M., Delalande, Chazal '19; Delalande, M. "21]

» First global and dimension-independent stability result for optimal transport maps.

» Gap between lower-bound and upper bound for Holder exponent: % < %
The exponent % Is probably not optimal...
» The constant C(X,Y) < diam(X)4"! diam(Y).

» Proof relies on the semidiscrete setting, i.e. the bound is established in the case

o= Miby,, V=D, Viby,

and one concludes using a density argument.
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Semidiscrete OT for c(x,y) = —(x|y)

» Let p,v € Prob{°(R%) and I'(p, 1) = couplings between p, p,

T(p, p) = max,er(p ) f(zly) dy(z,y)
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» Let p,v € Prob{°(R%) and I'(p, 1) = couplings between p, p,

T(p, p) = max,er(p ) f(zly) dy(z,y)

/

= Millggy>(|) [ ¢dp+ [Pdp

Kantorovich duality

=miny [¢*dp+ [¢dpu

> Let pu= ZlgigN pi0y, and ; = P(y;).
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Optimality condition and economic interpretation

T(p, ) = mingern ®(¢) + (p[th), where:
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» Economic interpretation: p = density of customers, {y; }1<;<ny = product types
— given prices ¢ € RY, a customer x maximizes (x|y;) — 1; over all products.
— Vi(¢) ={x | i € argmax,(z|y,;) — ¥;} = customers choosing product y;.

— Gi(¢) = qu:(?ﬂ) d p = amount of customers for product ;.

Optimal transport = finding prices satisfying capacity constraints G; () = ;.

» Holder-stability of optimal transport maps ~ strong concavity of .
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Hessian of & and strong convexity

(Recall that G;(v) = fww) dp, V® = —(G4,...,Gn), DG = —D*®)

Proposition: » If p € C°(X) and (y;)1<i<n is generic, then ® € C?*(RY) and
Vi # 4, g—%(w) = et Jr, () (%) da where Ty = Vi(4) 0 V(1)

Vi, GEL() = =3, T (W)
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>
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If p € C°(X) and (y;)1<i<n is generic, then ® € C?(RY) and
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Proof:
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Proposition:
Vi # J,
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» If Q= {p > 0} is connected and Vi, G;(¢)) > 0, then Ker(DG(¢)) = R(1,...,1).

> If p e COX) and (y;)1<i<n is generic, then ® € C?(RY) and
90~ (V) = iy Jr, (o P(@) da where Ty = Vi(y) N V;(4),
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NB: if V;(y) =0, then Liyy € Ker(D?® (1))

Proof:

» Consider the matrix L = DG(y) and the graph H:
(Z,])€H<:>sz > ()

» |f €2 is connected and v € F/, then H is connected

» L is the Laplacian of a connected graph =— KerL = R - cst

Proposition = local strong convexity of ®, albeit non-quantitative.
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Thm: Let X be convex compact and p a density on X with || log(p)|lec < 400
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Let Y be compact. Then, Vu,v € Prob(Y), [T, — T, |lr2x) < C Wa(u,v)"/6.

[M., Delalande, Chazal '19; Delalande, M. '21]
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» We lose a little in the exponent to control the difference between OT maps...
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The non-compact space

Theorem Let 1¥, it € Proby(RY), ¢* the Brenier potential from p € Prob®*(X)

to 11*, where X is convex and p is bounded from above and below. Assume that

(i) Vk € {0,1},Vz,y € X, |¢"(2) — ¢*(y)| < Cullz —y|°
(i) Ma(p*) < M.

1

Then, Wy (u?, pt) < T — Tpollrzp) < C(d, X, p, O, M) Wa(p, put) 205590,

[Delalande, M. 2021]
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[Delalande, M. 2021]

» When o = 1, we recover the exponent of the compact case: 2(11 — 8a) = 6.

» By Morrey's inequality, (i) holds when M, (u*) < +oo for p > d. Indeed,
_d
My, (%) = [NlyllP dp*(y) = [IVe*|Pdp < +oo = ¢F e WHP(X) CC'» (X)

In particular, this result applies to sub-exponential or sub-Gaussian measures.

» By [Andoni, Naor, Neiman '18], the space (Probs(R?), W5) does not admit a
bi-Holder embedding into any LP space when d > 3.
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Summary

Optimal transport plans can be used to embed of Probs(R?) into L?(p, R%), while

preserving some of its metric geometry, with applications in data analysis.

https://github.com/sd-ot
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Open questions/current work:

» optimal Holder exponent for p +— 77, in the compact case?
» what happens for other cost functions?

» s there a bi-Holder embedding of {u € Proby(RY) | My () < R} into L2(p) ?

hank you for your attention!
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