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Motivation

Many physical systems or engineering models involve interfaces which tend to
minimize a geometric energy, involving either the area or the curvatures of
interfaces (under various constraints)

We are interested in the numerical simulation of such systems.



Examples: Wetting

Droplet wetting on a lotus leaf
(energy = area)



Bubbles

Bubbles Soap foam

(energy = multiphase area)



Honeycomb

Honeycomb
(energy = 2D multiphase perimeter)



Polycrystalline materials
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Silicon Polycrystalline material

(energy=multiphase inhomogenous area)

N
1
E(Xq,....,XN) = 5 Z oijArea(0%; N 0L;) (oij are surface tensions)
ij=1



Nanowires

SEM HV: 10.0 kV WD: 11.08 mm -
SEM MAG: 47.0 kx Det: InBeam 1 um

Nanowires
(energy = multiphase anisotropic area)



Lipid bilayer

Blood cell
(energy = Helfrich energy /(;(H — Ho)* + kgK)do)

with H = mean curvature, Hy = spontaneous curvature and
K = Gaussian curvature

W(S) :/H2d0 (—/Kda) is the Willmore energy.



Magnetic Resonance Imaging (MRI)

Problem: find a volume containing given slices and having boundary of minimal
energy (area or Willmore)




3D reconstruction from 2D slices
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Reconstruction of a 3D brain image from real MRI slices
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3D reconstruction from 2D slices
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Smoothing of a digital shape using the Willmore energy




How to approximate the minimizers?
Pick a representation of the surface:
@ Parametric "continuous" surface or graph surface
o Level set
@ Phase field approximation
and try to minimize the energy, or an approximation of it using either:
@ graph methods (e.g, min flow/max cut)
@ a static Euler equation
@ a time-dependent Euler equation

This talk focuses on phase field approximation and time-dependent Euler
equations, and is motivated by the following issue: can we efficiently minimize
while avoiding undesirable topology changes as the surface evolves?

t=0.00024414 t=o0.01123 t=0.017822



Phase field approximation

A phase field u. : R? — [0, 1] is a smooth function which approximates the
characteristic function 1 of a set E.

The set {u. = 3} is an approximation of the boundary OE.

The area of JE is the perimeter of E.

|[Vu| =~ 1/e



Perimeter approximation

u =20
|[Vu| =~ 1/e

1 1
Thus, /8|Vu5|2dx 2 gArea S gsP(E) =P(E) ase—0.
Minimizing [ &|Vu.|?dx is not a good idea: any constant function has zero

energy...

How to constrain minimizers to be close to a characteristic function?



Perimeter approximation

Use a double-well potential, for instance G(s) = £s%(1 — s)2.

0 1

1
If sup (/ EG(ug)dx> < 4oothenu. —+0orlae ase—0,ie u
€

approximates a characteristic function.



The Cahn-Hilliard functional

(Van der Waals)-Cahn-Hilliard energy

The phase-field approximation of perimeter is

P.w) = [ (51VuR + 16(w) ax

| 11 €
| | us
! E ! E E

| |

where G is a double-well potential.

G e.g.,
| \_/ 1o 2
0 T G(s)zés (1-19)




Phase-field approximation of perimeter

Convergence of P. (Modica, Mortola - 1977)

P. T-converges to

[ AP(E) siu=1ge€BV
Al = { +o0 otherwise

where A = cst depends only on potential G.

I-convergence and minimizers

Let (F,) equicoercive, [-converging to F. If, Vn, u, is a minimizer of F,, then
every cluster point u of (u,) is a minimizer of F and F(u) = lim F,(u,).




Optimal profile
The phase-field optimal profile associated with E and P(E) is:

us(x) =g <d(XE)) with g(s) = %(1 - tanh(%))

€

T q Signed distance
XO ds(x, E) = d(x, E) — d(x,RN \ E) J
\

where g = argminw{/]R[|S0/(2t)|2 + G(p(t))]dt, p(—o0) =1, ¢(o0) =0}

Convergences
For a bounded set E

o u. — 1g

o P.(u:) = AP(E) if E has finite perimeter
ase — 0.




Phase field approximation of the Willmore energy
The L2-gradient of P. satisfies
—V2P.(u) = eAu — %G'(u).

The gradient flow of perimeter is the mean curvature flow and —V ;2 P.(u,)
approximates the mean curvature of JE in the transition zone of u. when
Us: = ]]-E-

Approximation of the Willmore energy
In R? and R3, the energy

u— Pe(u) + We(u) = P.(u) + /% (sAu — %G'(u))zdx

I-converges to E — A\(P(E) + W(E)) if E is C? and compact

o De Giorgi + Bellettini, Paolini (1993) + Rdger, Schatzle (2006)



Optimal profile

With the same phase-field profile associated with E

o) = a (e 6))
one has

Convergences

For a bounded set E
o u. — 1g
e P.(u.) — AP(E) if E has finite perimeter
o W.(u) — AW(E) if OE is C?

ase — 0.




Phase field mean curvature flow: numerical approximation

The [2—gradient flow of the Cahn-Hilliard energy gives the time-dependent
Allen-Cahn equation

1
up = Au— =G (u
t 62 ( )
Given a time-step &;, solutions can be numerically approximated with the scheme

Un+1 N

ut i L nt+1
u™ 1 can be computed using Picard iterations to find fixed points of the map
vis (lg = 6:0)7Y (u — %G'(v))

Implementation with
Fourier series and
periodic boundary condi-
tions, which guarantee a
high spatial accuracy.




Phase field Willmore flow: numerical approximation
@ The classical phase field Willmore flow is

Oy = Av — E%G”(u)v
v==%G'(u) - Au.

@ Implicit discretization in time
{un+1 — 51& [AV"+1 _ E%G//(un—s-l)vn-&—l] 4oyt

n+l _ 1 n+1 n+1
vitt = S G/ (u") — Aumt,
@ Use Picard iterations for approximating a fixed point of:
-1 n O¢ (11
u\ (o —&A u" — % G"(u)v
v ) Ay LG'(v)
Implement it with Fourier series in space.

o Stability :
0; < Cmin {54,5)%52 .



Phase field Willmore flow

Oeu=—A <Au - ;G’(u)) + E%G”(u) (Au — ;G’(u)> :
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Phase field Willmore flow

Oeu=—A <Au - ;G’(u)) + E%G”(u) (Au — ;G’(u)> :

€34
0z

0.1

01

02

05

04—




Phase field Willmore flow

Oeu=—A <Au - ;G’(u)) + E%G”(u) (Au — ;G’(u)> :
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Lawson-Kusner surface of genus 4



Key aspects of phase field approximation

Replace singular energies with smooth energies

["-convergence can be proven
© for area: Modica-Mortola'77
@ for Willmore 2D, 3D: De Giorgi’91 Bellettini-Paolini'93, Réger-Schitzle'06,
Nagase-Tonegawa'07

Smooth minimizers approximate sharp minimizers

Efficient numerical schemes can be designed

Do phase field flows approximate sharp flows? (as long as they are smooth)

@ for area: well-posedness, convergence — YES [Chen'92, de
Mottini-Schatzman'95, Bellettini-Paolini’95]
Q@ for Willmore:
* well-posedness (YES [Colli-Lauren¢ot'12], [Bretin-Huang-M.'19]),
* convergence (formally YES [Loreti-March'00, Bretin-M.-Oudet’17],
rigorously YES [Fei-Liu'19])
Willmore flow: V,, = AsH + |A?H — %H3 where |A]2 = 3" k2.



Issue: the classical phase field Willmore flow may develop
undesirable singularities




The classical phase field Willmore flow may develop
undesirable singularities

Lre




The classical phase field Willmore flow may develop
undesirable singularities

Such configuration has infinite relaxed Willmore energy

W(Q) = inf{liminf W(Q4), 095, € C?, Q, — Qin L}(Q)}.

If W(E) < +00, then a non-oriented tangent must exist everywhere on the
boundary of E, [Bellettini-Dal Maso-Paolini'93], [Bellettini-Mugnai’04]



Explanation: existence of smooth Allen-Cahn solutions with
singular nodal set

@ Existence of smooth solutions

to the Allen-Cahn equation

such that u. — xg with W(E) = +c
o Example of Allen-Cahn solutions




Mugnai's approximation of the Willmore energy in 2D

Let A = second fundamental form
e In 2D, H? = ||A|?
eifu.=gq (M) then

€

Vu. Vu, 2

— ®
[Vu| |V

1 1
Z1eV2u, — =G'(u.)
€ €

1 . 2
- Vdist(x, QP ¢ (d'St(EXQ)>

—  JJAX)|PccHNTILOQ  ase—0

Definition (Mugnai's approximation in 2D)

wHw =5 |

2
X

1 Vu Vu

2. Tt v v
eVeu 5 (u)|Vu|®|Vu|




Gradient flow

o Energy
2

X.

1 Vu Vu

v2 o GI
V= 2R © Wl

whw =5 [

o Its L?—gradient flow is

e

e20;u = Ay — 5 G"(u)v + G'(u)B(uv)
v=_G'(v) —e%Au,

where

Yu Yu Yu Yu
N ey |
() = div (d” (IVU) Vu) i (V <|Vu> Vu)

o Well-posedness and existence at fixed parameter £? Requires presumably a
regularization of B(u) (which is done in practice numerically).



Formal asymptotic expansion in the smooth case

@ Formal expansion

wlx ) g (2T | 28y, (A2

€

o) o () + 2t (4242).

@ Front speed:
1
Ve =AsH + 111 = SHIAP + 0(e),

with 111° = 3" k3.
o It coincides with the Willmore flow in dimensions 2,3, as long as it is smooth.



A self-avoiding approximate Willmore flow




A self-avoiding approximate Willmore flow




About the reaction term B(u)

Lemma
Let u € C? with Vu # 0. Consider the normal field n = %. Then:

i i i n; on; 9n; on;
B(u) = div(div(n)n) — div(Va)n) = 2 oy ey (G20 — G20m).
In particular, when N = 2, B(u) = 2det(Vn) = 0 (because ||n|| = 1).

What happens when the normal field n is less regular? Numerical simulations
show that B(u) charges singular sets of n, more precisely:

@ singular sets of dimension 0,

@ but also sets of dimension > 0, however inconsistently (depends on the
boundary configuration, on the regularization kernel, etc.)

Can we use the simpler term det(Vn) in all dimensions to charge singular sets
consistently?

No: Brézis-Coron-Lieb proved that the distributional Jacobian of
ne€ WHN=1(RN SN=1) is a weighted sum of Dirac masses, i.e. charges only sets
of dimension 0.

Can we design a more consistent term for charging the singular sets of n?



Remark: mean curvature flow with a forcing term

o Consider the Allen-Cahn equation with an additional forcing term

6'(u)

O = B = =5 (1+f7)

@ The speed of the limit sharp interface is:

Vf?.n
V=Rt a7

@ Can we design f7 to impose a distance § between the interface and its
skeleton to prevent topology changes?
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Examples of sets and their skeletons

Skeleton = singular set of the signed distance function, i.e. where it is not
differentiable.

Some sets...

and the support of their skeletons

o 1




Localization of the skeleton of a set E using a jump term

@ A normal vector field associated with the signed distance function dist(-, E) is
n=Vdist(-, E)
o n satisfies ||n|| = 1 thus
Onlln|> =2(Vnn)-n=0,

where it is smooth.
o Let k 6 C2°(R) denote a smooth kernel such that [, k =1, let ¢ >0,

k JNk ( ) and
Define the (regularized) jump term Sn® of n as

Sn? = (n? ,(Vn?)n?) = Z n? (9;n)n7

1<ij<N

n® = k% xn

@ lim,_o Sn° — 0 where n is smooth.
What happens when n is not smooth? Does lim,_,q Sn? charge the
singularities of n, i.e. the skeleton?



Limit of the regularized jump term

SBV =space of special functions of bounded variation (e.g., the characteristic
function of a set of finite perimeter)

Theorem

Let n € SBV(RN, SN=1) with C! discontinuity set ¥ oriented by the unit normal
vector v. Then

e 1—12|[n”2<[n], WHVLLY  inD(Q) as o — 0, (1)
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where [n] denotes the jump of n.




Conjecture

The asymptotic analysis of various configurations leads to the conjecture:

N—1
Sn% ~ Z ajaj’r‘{"\glfj
j=0
where

@ qj are density functions;

e Y; are (N — 1 — j)-dimensional sets;

o the discontinuity set of n satisfies X(n) = UZJ-

J



Allen-Cahn equation with topology penalization

o Consider the Allen-Cahn equation with an additional jump term :

/ €
Ot = AU — M(l +£7),

where

£o — c(k® #|Sn%]), and  ng — k% % |§Ze|'

@ Numerical scheme: use a quasi-static approach. Define u"™! = v(-, §t) with
v a solution to

Orv :Av—$(1+fu‘2)
v(-,0) =u"



Numerical experiments: the dumbbell

Without jump term:

t=0.00024414

e e®
[

With jump term:

t=0.00024414 t=0.055176 t=0.088135



Numerical experiments: the circle case

Numerical experiment:

O o

Formal analysis of the velocity:

V==|1- — o~
- —— | (9




Numerical experiments: evolution of filaments

Case of one simple filament:

= 0.00024414 = 0220

Case of two connected filaments:

= 0.00024414 = 0.43019 t= 088013

= Mean curvature flow of codimension 27



Numerical experiments: evolution of a filament (1)
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Evolution of a filament (2)




Evolution of a filament (3) using reduced constraints
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Application to the Steiner's problem

Steiner’s problem: find, for a given collection of points xg, - -+ , xy, a compact
connected set K containing all the x;'s and having minimal length.

Some phase field models have been recently introduced to approximate solutions
to Steiner's or Plateau’s problems
[Bonnivard-Lemenant-Santambrogio],[Chambolle-Ferrari-Merlet],
[Bonafini-Orlandi-Oudet], [Bonnivard-Bretin-Lemenant]



Application to Steiner’s problem

Let K, = K & B, be a o-thickening of K.
@ The length of K is approximated by the perimeter of K, :
Per(K,) ~ 2noH(K).

@ The property that K contains all points x; is replaced by the inclusion
constraint
UM, B(xi,0) C Ky,

@ Consider the optimization problem:

min {Per(K,), K, connected, o-thick, and UY, B(x;, ) C K, } .



Application to Steiner’s problem

e Use the phase field mean curvature flow with the self-avoiding term.

v (x) = g (dist(x,u}"_l{x,-}) - a) ’

3

o Define

where ¢ is the classical profile associated to the double well G.

The inclusion constraint of all x/s is easily obtained by considering the inequality
constraint
= < u.

in



Numerical Steiner set (1) : vertices of a cube




Numerical Steiner set (2) : 50 random points
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Soap films: Plateau’s problem




Application to Plateau’s problem

@ Use a o-tubular thickening of the boundary I'
Mo := {x,dist(x,I) <o},

@ Requires an additional volume penalization term.

= 000024828 t=013208 t=0.26016 t=o.s0820

@ Consider the optimization problem:

min {Per(Eg) + EVoI(E,,), E, connected, o-thick, and [, C EH} .
o



Numerical experiments: influence of the initial set

= 0.00024414 = 0.086162 = 019826 = 039620
= 0.00024414 = 0066162 = 013208 = 059420



Case of non oriented surfaces and triple line junction

= 0055176
= 0.016541



A hybrid minimal "surface"...

e &



Conclusion

We introduced a reaction term which promotes topology conservation for phase
field approximations of some geometric flows in various dimensions and
codimensions.

This reaction term is introduced in the context of phase field approximation, but
it can be easily extended to:

@ Level set methods or volume graph methods involving the signed distance
function;

@ Recent methods for shape representation using a neural network which learns
the signed distance function, see e.g. DeepSDF (Park et al'19).



