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Shape reconstruction problem
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Reconstruction
algorithm

<latexit sha1_base64="dlh9Cd6ug2ZQxK8fxG0vb+aFBVw="></latexit>

Sampling
<latexit sha1_base64="Lb22Kmhsz2sbS4WumOkv66798qg="></latexit>

Approximation
<latexit sha1_base64="0exAl85UVChhXoHbSkDxrB76CGQ="></latexit>

Shape A ✓ RN
<latexit sha1_base64="pelnPdhDEihFBflSJDL3egC6aKI="></latexit>

Point set P ✓ RN
<latexit sha1_base64="mqTJdqrpmzNs/ntJjPNEJoTJ0P0="></latexit>

Mesh of P
<latexit sha1_base64="XdI7GUDLGGT/iT1MiVmV/Ki5oW8="></latexit>

INPUT
<latexit sha1_base64="/52kEW/uN5WyyC136nQvTTrTNCo="></latexit>

OUTPUT
<latexit sha1_base64="VZAE3AIsZ+QpEBuMy5sAkzoEDas="></latexit>



Shape reconstruction for N=3
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Reconstruction
algorithm

<latexit sha1_base64="dlh9Cd6ug2ZQxK8fxG0vb+aFBVw="></latexit>

Sampling
<latexit sha1_base64="Lb22Kmhsz2sbS4WumOkv66798qg="></latexit>

Approximation
<latexit sha1_base64="0exAl85UVChhXoHbSkDxrB76CGQ="></latexit>

Point set P ✓ RN
<latexit sha1_base64="mqTJdqrpmzNs/ntJjPNEJoTJ0P0="></latexit>

Mesh of P
<latexit sha1_base64="XdI7GUDLGGT/iT1MiVmV/Ki5oW8="></latexit>

Shape A ✓ R3
<latexit sha1_base64="Hr2H1baCxB4Z74eHWzfuQY4IlIA="></latexit>

INPUT
<latexit sha1_base64="/52kEW/uN5WyyC136nQvTTrTNCo="></latexit>

OUTPUT
<latexit sha1_base64="VZAE3AIsZ+QpEBuMy5sAkzoEDas="></latexit>

Boundary of a physical object
<latexit sha1_base64="5vMwGBIe+DDwLKSaDQL6Q/is5wE="></latexit>

Real world
<latexit sha1_base64="qiQImNFF76jWMlbLU3AmEOiHS0U="></latexit>



Shape reconstruction for N large
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Acquisition
<latexit sha1_base64="6U3wU8jyTvYwB3a+HlQfRNLZrBA="></latexit>

Reconstruction
algorithm

<latexit sha1_base64="dlh9Cd6ug2ZQxK8fxG0vb+aFBVw="></latexit>

Approximation
<latexit sha1_base64="0exAl85UVChhXoHbSkDxrB76CGQ="></latexit>

Shape A ✓ RN
<latexit sha1_base64="pelnPdhDEihFBflSJDL3egC6aKI="></latexit>

Point set P ✓ RN
<latexit sha1_base64="mqTJdqrpmzNs/ntJjPNEJoTJ0P0="></latexit>

Mesh of P
<latexit sha1_base64="XdI7GUDLGGT/iT1MiVmV/Ki5oW8="></latexit>

Angle
of rotation

<latexit sha1_base64="1OfgH9tC1E4SJbJUSMJJRM0kmkA="></latexit>

INPUT
<latexit sha1_base64="/52kEW/uN5WyyC136nQvTTrTNCo="></latexit>

OUTPUT
<latexit sha1_base64="VZAE3AIsZ+QpEBuMy5sAkzoEDas="></latexit>

Space of observed variables
<latexit sha1_base64="6FJND3ChANOUFOlIRVoX+RQOle0="></latexit>

Set of possible mesures of
observed phenomenon

<latexit sha1_base64="u4LLo6NDDiHiSlq31qQSI3KBeWc="></latexit>



Shape reconstruction problem
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Sampling
<latexit sha1_base64="Lb22Kmhsz2sbS4WumOkv66798qg="></latexit>

Goal: Find conditions under which the output is a triangulation of the shape

Reconstruction
algorithm

<latexit sha1_base64="dlh9Cd6ug2ZQxK8fxG0vb+aFBVw="></latexit>

⇡ Homeomorphism
<latexit sha1_base64="EbVg+5pEyqscX9LlZ1G7wkj+pjI="></latexit>

Mesh of P
<latexit sha1_base64="XdI7GUDLGGT/iT1MiVmV/Ki5oW8="></latexit>

Point set P ✓ RN
<latexit sha1_base64="mqTJdqrpmzNs/ntJjPNEJoTJ0P0="></latexit>

INPUT
<latexit sha1_base64="/52kEW/uN5WyyC136nQvTTrTNCo="></latexit>

OUTPUT
<latexit sha1_base64="VZAE3AIsZ+QpEBuMy5sAkzoEDas="></latexit>

Shape = smooth d-submanifold of RN
<latexit sha1_base64="2xVpD/xE2a0rtwGSCxKCsz5JJiw="></latexit>



Shape reconstruction problem
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Reconstruction
algorithm

<latexit sha1_base64="dlh9Cd6ug2ZQxK8fxG0vb+aFBVw="></latexit>

Sampling
<latexit sha1_base64="Lb22Kmhsz2sbS4WumOkv66798qg="></latexit>

⇡ Homeomorphism
<latexit sha1_base64="EbVg+5pEyqscX9LlZ1G7wkj+pjI="></latexit>

' Homotopy eq.
<latexit sha1_base64="LZb+bajhd0d2XlGcZiYconPb5M0="></latexit>

Simplification
<latexit sha1_base64="ZWxbouXPrRhQ750S1IdQFCH0oVs="></latexit>

Goal: Find conditions under which the output is a triangulation of the shape

Mesh of P
<latexit sha1_base64="XdI7GUDLGGT/iT1MiVmV/Ki5oW8="></latexit>

Point set P ✓ RN
<latexit sha1_base64="mqTJdqrpmzNs/ntJjPNEJoTJ0P0="></latexit>

INPUT
<latexit sha1_base64="/52kEW/uN5WyyC136nQvTTrTNCo="></latexit>

OUTPUT
<latexit sha1_base64="VZAE3AIsZ+QpEBuMy5sAkzoEDas="></latexit>

Shape = smooth d-submanifold of RN
<latexit sha1_base64="2xVpD/xE2a0rtwGSCxKCsz5JJiw="></latexit>

Alpha(P, ⇢), Cech(P, ⇢), Rips(P, ⇢)
<latexit sha1_base64="HrSvLalKWvekdOROTU+Yepr1hjw="></latexit>



Manifold reconstruction problem
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Different strategies:

Direct approach 

[Boissonnat, Dyer, Ghosh, Lieutier, Wintraecken 2019][Boissonnat, Dyer, Ghosh 2017]

[Boissonnat, Ghosh 2010][Boissonnat, Flötotto 2004]

Through simplification (collapses, contractions,…) 

[A. & Lieutier 2015][A., Lieutier & Salinas 2012]

Through energy minimization 

[Chen, Holst 2011][Alliez, Cohen-Steiner, Yvinec, Desbrun 2005]

[Rakovic, Grieder & Jones 2004][Musin 2003]



P : a finite point set of M
<latexit sha1_base64="M5zq6EqpwADHXkZ1OlF+ie9be4U="></latexit>

Manifold reconstruction problem
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M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

How to triangulate        given as input    ?M
<latexit sha1_base64="u94HTM/bM2BIQSClGbjbBRZpELw="></latexit>

P
<latexit sha1_base64="Q4MC1l9+KhbtTexZkttbCm6JScw="></latexit>



P : a finite point set of M
<latexit sha1_base64="M5zq6EqpwADHXkZ1OlF+ie9be4U="></latexit>

Manifold reconstruction problem
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M: a d-flat of RN
<latexit sha1_base64="fGyDsVi2x0aCxqQOf25EZ48S96Q="></latexit>

Construct the Delaunay complex of P
<latexit sha1_base64="pq9c0vFGrI7sNtN892PJUlhNUC8="></latexit>

How to triangulate        given as input    ?M
<latexit sha1_base64="u94HTM/bM2BIQSClGbjbBRZpELw="></latexit>

P
<latexit sha1_base64="Q4MC1l9+KhbtTexZkttbCm6JScw="></latexit>



that does not enclose any point of P }
<latexit sha1_base64="OWmoML01qgsY21XkXwnPZ6O2RcA="></latexit>

Del(P ) triangulation of the convex hull of P
<latexit sha1_base64="6JefVnAnMGbdkkrFvrRVGYm9IfU="></latexit>

P : a finite point set of Rd
<latexit sha1_base64="BuoPJDR/VCeDaiebJRkDgXUGYqI="></latexit>

Delaunay complex
10

u
<latexit sha1_base64="m10lSdEbxBXPyhozEu3FQdiUAW8="></latexit>

v
<latexit sha1_base64="AhdwxQSEdVHePmpxE+/xmTPN8Zc="></latexit>

a
<latexit sha1_base64="qQrrzbKrLkexpf34Xt/kJNvqK5k="></latexit>

b
<latexit sha1_base64="wDoizWirJp8hc/S0kp1MQnJywZ8="></latexit>

c
<latexit sha1_base64="RTmGO4z7SlGnUcq16W8xRMk3mFA="></latexit>

Del(P ) = {� | ; 6= � ✓ P and 9 a d-sphere through �
<latexit sha1_base64="Nth64Vp/E3T1Fdo7wViaV475+Tw="></latexit>

Non-generic point set
<latexit sha1_base64="U3V3Kch1YnqqusU7e5O6Hu8XWlc="></latexit>

a
<latexit sha1_base64="l4eLydnq3lQyWmlk8xznYrXEHz0="></latexit>

b
<latexit sha1_base64="rWUGWIM6k5uS4/5SAvBy51XGJOo="></latexit>

c
<latexit sha1_base64="xo+oP95wvf6eF0cLziVHQcUy6Ww="></latexit>

d
<latexit sha1_base64="knLSKnnhpuwgAagpyH52jFQh5ww="></latexit>

Generic point set P :
<latexit sha1_base64="L3i9QQDbjidi4Ig6ag/Koa5O7oQ="></latexit>

No (d+ 2) points of P lie on a common (d� 1)-sphere
<latexit sha1_base64="g16oY5ZT2z4pir6Yn5AErQA698o="></latexit>

No degenerate simplices of P on @ Conv(P )
<latexit sha1_base64="4UZzzqB45ygS5hLftB9QxtSuHT8="></latexit>



Delaunay complex
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Where is the Delaunay complex?



Delaunay complex
11

Where is the Delaunay complex?

(optimizes many functionals)
<latexit sha1_base64="NOhd521nvis75FfrykVsh+7hG0E="></latexit>

Delaunay complex
<latexit sha1_base64="Ee6WRZTYlTO9cA86yVJwGe9amd0="></latexit>



T : triangulation of Conv(P )
<latexit sha1_base64="9T3J28H1uKSRZ5w2rDajBY09oXc="></latexit>

Delaunay energy
12

T̂ = lift of T
<latexit sha1_base64="ulyXP3uRYx9SjgZGXei+gRTrANs="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

ĉ
<latexit sha1_base64="VOF0JoULtWj1ScroJurXIBfV4Gs="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit>

b
<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

c
<latexit sha1_base64="1KsXhYvO7k1ftUVDmDCFuQJGwOk="></latexit>

T
<latexit sha1_base64="ms2xEMeG3Uuv27yiwH14Pq/uAE8="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

x
<latexit sha1_base64="TCIjtfJvIvC2Dz+x2od6b6oov1A="></latexit>

x̂
<latexit sha1_base64="UBhRYQIHOYm5YP8B6s/ZegeE41A="></latexit>

P
<latexit sha1_base64="dAEQqLXSOlb9G1v+UZdii4H+uLM="></latexit>

P̂
<latexit sha1_base64="Q91ZkOUgFL+KEVghvHwVDdPdKio="></latexit>

Edel(T ) = volume between T̂ and paraboloid P = {(x, kxk2) | x 2 Rd}.
<latexit sha1_base64="iN57aLT5QMPwCY0JOXoN0f939hw="></latexit>



T : triangulation of Conv(P )
<latexit sha1_base64="9T3J28H1uKSRZ5w2rDajBY09oXc="></latexit>

Delaunay energy
12

T̂ = lift of T
<latexit sha1_base64="ulyXP3uRYx9SjgZGXei+gRTrANs="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

ĉ
<latexit sha1_base64="VOF0JoULtWj1ScroJurXIBfV4Gs="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit>

b
<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

c
<latexit sha1_base64="1KsXhYvO7k1ftUVDmDCFuQJGwOk="></latexit>

T
<latexit sha1_base64="ms2xEMeG3Uuv27yiwH14Pq/uAE8="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

x
<latexit sha1_base64="TCIjtfJvIvC2Dz+x2od6b6oov1A="></latexit>

x̂
<latexit sha1_base64="UBhRYQIHOYm5YP8B6s/ZegeE41A="></latexit>

P
<latexit sha1_base64="dAEQqLXSOlb9G1v+UZdii4H+uLM="></latexit>

P̂
<latexit sha1_base64="Q91ZkOUgFL+KEVghvHwVDdPdKio="></latexit>

Edel(T ) = volume between T̂ and paraboloid P = {(x, kxk2) | x 2 Rd}.
<latexit sha1_base64="iN57aLT5QMPwCY0JOXoN0f939hw="></latexit>

Del(P )
<latexit sha1_base64="OculEO9Z4tnslSZB5/4OoLiPX6k="></latexit>

\Del(P ) = triangulation of
lower convex hull of P̂

<latexit sha1_base64="O5m+R9e8Y3Wd3xdajBwJRVhz770="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>



T : triangulation of Conv(P )
<latexit sha1_base64="9T3J28H1uKSRZ5w2rDajBY09oXc="></latexit>

Delaunay energy
12

P generic
<latexit sha1_base64="ijIJe5TuxMIT28Y8XsJXgJ/Dxms="></latexit>

Del(P ) = the triangulation of Conv(P ) with smallest Delaunay energy
<latexit sha1_base64="tpT4OOxwJcD6HJV3o8D9qEIX10o="></latexit>

T̂ = lift of T
<latexit sha1_base64="ulyXP3uRYx9SjgZGXei+gRTrANs="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

ĉ
<latexit sha1_base64="VOF0JoULtWj1ScroJurXIBfV4Gs="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit>

b
<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

c
<latexit sha1_base64="1KsXhYvO7k1ftUVDmDCFuQJGwOk="></latexit>

T
<latexit sha1_base64="ms2xEMeG3Uuv27yiwH14Pq/uAE8="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

x
<latexit sha1_base64="TCIjtfJvIvC2Dz+x2od6b6oov1A="></latexit>

x̂
<latexit sha1_base64="UBhRYQIHOYm5YP8B6s/ZegeE41A="></latexit>

P
<latexit sha1_base64="dAEQqLXSOlb9G1v+UZdii4H+uLM="></latexit>

P̂
<latexit sha1_base64="Q91ZkOUgFL+KEVghvHwVDdPdKio="></latexit>

Edel(T ) = volume between T̂ and paraboloid P = {(x, kxk2) | x 2 Rd}.
<latexit sha1_base64="iN57aLT5QMPwCY0JOXoN0f939hw="></latexit>

Del(P )
<latexit sha1_base64="OculEO9Z4tnslSZB5/4OoLiPX6k="></latexit>

\Del(P ) = triangulation of
lower convex hull of P̂

<latexit sha1_base64="O5m+R9e8Y3Wd3xdajBwJRVhz770="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>



Delaunay energy
13

p
<latexit sha1_base64="pZhGYctvpV8yS/eHCC6rlWRAX8c="></latexit>

p̂
<latexit sha1_base64="sHzlG7wGZHc2QycTMtPf/V1BrfM="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit>

b
<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

T̂ = lift of T
<latexit sha1_base64="ulyXP3uRYx9SjgZGXei+gRTrANs="></latexit>

\Del(P ) = triangulation of
lower convex hull of P̂

<latexit sha1_base64="O5m+R9e8Y3Wd3xdajBwJRVhz770="></latexit>

T
<latexit sha1_base64="ms2xEMeG3Uuv27yiwH14Pq/uAE8="></latexit>

Del(P )
<latexit sha1_base64="OculEO9Z4tnslSZB5/4OoLiPX6k="></latexit>

P generic
<latexit sha1_base64="ijIJe5TuxMIT28Y8XsJXgJ/Dxms="></latexit>

Del(P ) = the triangulation of Conv(P ) with smallest Delaunay energy
<latexit sha1_base64="tpT4OOxwJcD6HJV3o8D9qEIX10o="></latexit>

T : triangulation of Conv(P )
<latexit sha1_base64="9T3J28H1uKSRZ5w2rDajBY09oXc="></latexit>

Edel(T ) = volume between T̂ and paraboloid P = {(x, kxk2) | x 2 Rd}.
<latexit sha1_base64="iN57aLT5QMPwCY0JOXoN0f939hw="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>



Delaunay energy
14

Edel(T ) = volume between T̂ and paraboloid P = {(x, kxk2) | x 2 Rd}.
<latexit sha1_base64="iN57aLT5QMPwCY0JOXoN0f939hw="></latexit>

T : triangulation of Conv(P )
<latexit sha1_base64="9T3J28H1uKSRZ5w2rDajBY09oXc="></latexit>

!del(abc) =
1
12 area(abc)

⇥
ka� bk2 + kb� ck2 + kc� ak2

⇤
<latexit sha1_base64="RpMpnetTi7leaaZIn9swQs1qFVU="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit>

b
<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

ĉ
<latexit sha1_base64="VOF0JoULtWj1ScroJurXIBfV4Gs="></latexit>

c
<latexit sha1_base64="1KsXhYvO7k1ftUVDmDCFuQJGwOk="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit> b

<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

!del(ab) =
1
6ka� bk3

<latexit sha1_base64="DbowaKDHY4eHubJOQiM0890y6Lo="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>



Delaunay energy
14

Edel(T ) = volume between T̂ and paraboloid P = {(x, kxk2) | x 2 Rd}.
<latexit sha1_base64="iN57aLT5QMPwCY0JOXoN0f939hw="></latexit>

T : triangulation of Conv(P )
<latexit sha1_base64="9T3J28H1uKSRZ5w2rDajBY09oXc="></latexit>

=
X

d-simplex �2T

volume between �̂ and P
<latexit sha1_base64="qcPWuLmTNVYnEHBuqBHHlqlaCE0="></latexit>

!del(abc) =
1
12 area(abc)

⇥
ka� bk2 + kb� ck2 + kc� ak2

⇤
<latexit sha1_base64="RpMpnetTi7leaaZIn9swQs1qFVU="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit>

b
<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

ĉ
<latexit sha1_base64="VOF0JoULtWj1ScroJurXIBfV4Gs="></latexit>

c
<latexit sha1_base64="1KsXhYvO7k1ftUVDmDCFuQJGwOk="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit> b

<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

!del(ab) =
1
6ka� bk3

<latexit sha1_base64="DbowaKDHY4eHubJOQiM0890y6Lo="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>



Delaunay energy
14

Edel(T ) = volume between T̂ and paraboloid P = {(x, kxk2) | x 2 Rd}.
<latexit sha1_base64="iN57aLT5QMPwCY0JOXoN0f939hw="></latexit>

T : triangulation of Conv(P )
<latexit sha1_base64="9T3J28H1uKSRZ5w2rDajBY09oXc="></latexit>

=
X

d-simplex �2T

volume between �̂ and P
<latexit sha1_base64="qcPWuLmTNVYnEHBuqBHHlqlaCE0="></latexit>

!del(abc) =
1
12 area(abc)

⇥
ka� bk2 + kb� ck2 + kc� ak2

⇤
<latexit sha1_base64="RpMpnetTi7leaaZIn9swQs1qFVU="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit>

b
<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

ĉ
<latexit sha1_base64="VOF0JoULtWj1ScroJurXIBfV4Gs="></latexit>

c
<latexit sha1_base64="1KsXhYvO7k1ftUVDmDCFuQJGwOk="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit> b

<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

!del(ab) =
1
6ka� bk3

<latexit sha1_base64="DbowaKDHY4eHubJOQiM0890y6Lo="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

1

(d+ 1)(d+ 2)
vol(�)

X

e edge of �

length(e)2

<latexit sha1_base64="kSpRbP6FcUjBL1JgScmaAsCNNlE="></latexit>

Delaunay weight of � =
<latexit sha1_base64="l1/7RgDz+SN/XJSAZWwjbWwItIs="></latexit>

intrinsec expression
<latexit sha1_base64="ZeU0CmDKlzq32/3KSio/Go0NDwA="></latexit>

[Chen, Holst 2011]



Delaunay energy
14

Edel(T ) = volume between T̂ and paraboloid P = {(x, kxk2) | x 2 Rd}.
<latexit sha1_base64="iN57aLT5QMPwCY0JOXoN0f939hw="></latexit>

T : triangulation of Conv(P )
<latexit sha1_base64="9T3J28H1uKSRZ5w2rDajBY09oXc="></latexit>

=
X

d-simplex �2T

volume between �̂ and P
<latexit sha1_base64="qcPWuLmTNVYnEHBuqBHHlqlaCE0="></latexit>

!del(abc) =
1
12 area(abc)

⇥
ka� bk2 + kb� ck2 + kc� ak2

⇤
<latexit sha1_base64="RpMpnetTi7leaaZIn9swQs1qFVU="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit>

b
<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

ĉ
<latexit sha1_base64="VOF0JoULtWj1ScroJurXIBfV4Gs="></latexit>

c
<latexit sha1_base64="1KsXhYvO7k1ftUVDmDCFuQJGwOk="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

â
<latexit sha1_base64="sZiugX1baF2JYmFaFsHGhcH0fpo="></latexit>

b̂
<latexit sha1_base64="Yc7ZiFB7X+dxgGk6ZKBP3BdgLZI="></latexit>

a
<latexit sha1_base64="8UKBS0et911ljGWTSN5JyvAYMBQ="></latexit> b

<latexit sha1_base64="GFeOIdTNbU8FDSIU3IQTT4RUpzo="></latexit>

!del(ab) =
1
6ka� bk3

<latexit sha1_base64="DbowaKDHY4eHubJOQiM0890y6Lo="></latexit>

P
<latexit sha1_base64="M7Ps3wT4LNmEL+ilnJOATiqHklk="></latexit>

can be computed for any soup T of d-simplices in RN
<latexit sha1_base64="YN0n962rAl1XMmmlsjn5wXQ2vSo="></latexit>

1

(d+ 1)(d+ 2)
vol(�)

X

e edge of �

length(e)2

<latexit sha1_base64="kSpRbP6FcUjBL1JgScmaAsCNNlE="></latexit>

Delaunay weight of � =
<latexit sha1_base64="l1/7RgDz+SN/XJSAZWwjbWwItIs="></latexit>

intrinsec expression
<latexit sha1_base64="ZeU0CmDKlzq32/3KSio/Go0NDwA="></latexit>

[Chen, Holst 2011]



Delaunay complex
15

Geometric characterization of elements Variational characterization

P generic
<latexit sha1_base64="ijIJe5TuxMIT28Y8XsJXgJ/Dxms="></latexit>

Triangulation of Conv(P )
<latexit sha1_base64="G35BrE8Wq5CFVJsfhKJOnlvwA7g="></latexit>

P generic
<latexit sha1_base64="ijIJe5TuxMIT28Y8XsJXgJ/Dxms="></latexit>

Minimizes Delaunay energy
<latexit sha1_base64="InlUhND+rrg799/92uRVwYbbGnQ="></latexit>

Simplicial complex with vertex set P
<latexit sha1_base64="5sbeDe6vPexZT1nNQ/FCVU3658k="></latexit>

Del(P )
<latexit sha1_base64="7hBWRBwRLQE9NwaL63pc/xMuuRY="></latexit>



Delaunay complex generalization
16

Simplicial complex with vertex set P
<latexit sha1_base64="5sbeDe6vPexZT1nNQ/FCVU3658k="></latexit>

P samples M su�cently “nicely”
and su�ciently generic

<latexit sha1_base64="EZeAzvr7v63fF245Ltm07S5wPvw="></latexit>

M
<latexit sha1_base64="brNPA5omDXdpZjm/ERqiAEtB9/Q="></latexit>

Geometric characterization of elements Variational characterization

P generic
<latexit sha1_base64="ijIJe5TuxMIT28Y8XsJXgJ/Dxms="></latexit>

Triangulation of Conv(P )
<latexit sha1_base64="G35BrE8Wq5CFVJsfhKJOnlvwA7g="></latexit>

P generic
<latexit sha1_base64="ijIJe5TuxMIT28Y8XsJXgJ/Dxms="></latexit>

Minimizes Delaunay energy
<latexit sha1_base64="InlUhND+rrg799/92uRVwYbbGnQ="></latexit>

Adapt definition
<latexit sha1_base64="s8fdbV0kSmpjywwPNs7YII/cY28="></latexit>

Adapt minimization
<latexit sha1_base64="GR7mNvnlDCN0C5o/OUEwPDYyRU0="></latexit>

?
<latexit sha1_base64="/9WBBia6j/qoHIQgElNJPDz+jTE="></latexit>



Road map
17

Define a Delaunay complex generalization 

Show that indeed triangulates manifold under some conditions 

Define a minimization problem 

Show that indeed solution = Delaunay complex generalization 

Solution of a
minimization

problem
<latexit sha1_base64="WdTa/yHo9JidUJyb5nOHyG34oJc="></latexit>

Delflat
complex

<latexit sha1_base64="5aXKbG5AgJFMx69yoKONcOXizdo="></latexit>

Unweighted
tangentiel
Delaunay
complex

<latexit sha1_base64="sWwjyoQj8Ake9SBwfbHfFPQ7+a8="></latexit>

Weighted
tangentiel
Delaunay
complex

<latexit sha1_base64="9oXK5fwCythTcWA35ddCZ03qj3Q="></latexit>

[Boissonnat, Ghosh,

Dyer, Wintraecken, 

Flötotto, Chazal, Yvinec]



Unweighted tangentiel Delaunay complex
18

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>



Unweighted tangentiel Delaunay complex
18

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>



Unweighted tangentiel Delaunay complex
19

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>



Unweighted tangentiel Delaunay complex
20

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>



Unweighted tangentiel Delaunay complex
21

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>



Unweighted tangentiel Delaunay complex
22

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

Del(⇡Tv0M(P \B(v0, ⇢)))
<latexit sha1_base64="x8GTHYvJfuXurCHuckDoO1wtgVg="></latexit>



Unweighted tangentiel Delaunay complex
23

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

StarP,M(v0, ⇢) = {⌧ 0 2 Del(⇡Tv0M(P \B(v0, ⇢))) | v0 2 Conv(⌧ 0)}
<latexit sha1_base64="UDWOYkzSWA/jANiHM3F51STH/Tw="></latexit>



Unweighted tangentiel Delaunay complex
24

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

PrestarP,M(v, ⇢) = {⌧ ✓ P \B(v0, ⇢) | ⇡Tv0M(⌧) 2 StarP,M(v0, ⇢)}
<latexit sha1_base64="H29Hdtn7CsYRx9luPdRprCrkV6E="></latexit>

StarP,M(v0, ⇢) = {⌧ 0 2 Del(⇡Tv0M(P \B(v0, ⇢))) | v0 2 Conv(⌧ 0)}
<latexit sha1_base64="UDWOYkzSWA/jANiHM3F51STH/Tw="></latexit>



Unweighted tangentiel Delaunay complex
24

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

TangDelM(P, ⇢) =
[

v2P

PrestarP,M(v, ⇢)
<latexit sha1_base64="985g/Lw6nZCIW7CcLJ+VksPhxAI="></latexit>

PrestarP,M(v, ⇢) = {⌧ ✓ P \B(v0, ⇢) | ⇡Tv0M(⌧) 2 StarP,M(v0, ⇢)}
<latexit sha1_base64="H29Hdtn7CsYRx9luPdRprCrkV6E="></latexit>

StarP,M(v0, ⇢) = {⌧ 0 2 Del(⇡Tv0M(P \B(v0, ⇢))) | v0 2 Conv(⌧ 0)}
<latexit sha1_base64="UDWOYkzSWA/jANiHM3F51STH/Tw="></latexit>



Unweighted tangentiel Delaunay complex
24

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

Construction involves computing |P| small d-dimensional Delaunay complexes

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

TangDelM(P, ⇢) =
[

v2P

PrestarP,M(v, ⇢)
<latexit sha1_base64="985g/Lw6nZCIW7CcLJ+VksPhxAI="></latexit>

PrestarP,M(v, ⇢) = {⌧ ✓ P \B(v0, ⇢) | ⇡Tv0M(⌧) 2 StarP,M(v0, ⇢)}
<latexit sha1_base64="H29Hdtn7CsYRx9luPdRprCrkV6E="></latexit>

StarP,M(v0, ⇢) = {⌧ 0 2 Del(⇡Tv0M(P \B(v0, ⇢))) | v0 2 Conv(⌧ 0)}
<latexit sha1_base64="UDWOYkzSWA/jANiHM3F51STH/Tw="></latexit>



Unweighted tangentiel Delaunay complex
24

M: a smooth d-submanifold of RN
<latexit sha1_base64="GqsT7dYHCQnfD1zADN4ghDZs/nY="></latexit>

P : a sample of M
<latexit sha1_base64="Px6+e2EB9j9Ncs5Jit1PQjObVFA="></latexit>

Construction involves computing |P| small d-dimensional Delaunay complexes

v
<latexit sha1_base64="qIRjrBo6m5qj+p2IYRKNA65ZnBU="></latexit>

v0
<latexit sha1_base64="EqdB/oXaTwn1FvMHsDbmMMYXlLw="></latexit>

TangDelM(P, ⇢) =
[

v2P

PrestarP,M(v, ⇢)
<latexit sha1_base64="985g/Lw6nZCIW7CcLJ+VksPhxAI="></latexit>

PrestarP,M(v, ⇢) = {⌧ ✓ P \B(v0, ⇢) | ⇡Tv0M(⌧) 2 StarP,M(v0, ⇢)}
<latexit sha1_base64="H29Hdtn7CsYRx9luPdRprCrkV6E="></latexit>

StarP,M(v0, ⇢) = {⌧ 0 2 Del(⇡Tv0M(P \B(v0, ⇢))) | v0 2 Conv(⌧ 0)}
<latexit sha1_base64="UDWOYkzSWA/jANiHM3F51STH/Tw="></latexit>

Simplices are ⇢-small
<latexit sha1_base64="NF2BS6MME899NEEdw1+M/E3nEHY="></latexit>



Reach and projection
25

Reach(M) = d(M,Medial axis of M)
<latexit sha1_base64="oHI2mSg18GaCX979BkV0fj8hPXI="></latexit>

Medial axis of M = set of points with at least 2 closest points onto M
<latexit sha1_base64="TYwW62189pNDrk7AWCsdZGNwKKw="></latexit>



Reach and projection
26

Reach(M) = d(M,Medial axis of M)
<latexit sha1_base64="oHI2mSg18GaCX979BkV0fj8hPXI="></latexit>

Medial axis of M = set of points with at least 2 closest points onto M
<latexit sha1_base64="TYwW62189pNDrk7AWCsdZGNwKKw="></latexit>

We assume P ✓ M�⌘ and scale ⇢ such that ⌘ + ⇢ < Reach(M)
<latexit sha1_base64="qzGeUxUSUug09WvrBzbw7WbVfbs="></latexit>

8� ✓ P ⇢-small, ⇡M : Conv(�) ! M well-defined
<latexit sha1_base64="BwX3uMIUR6MJqqMr8xlYhfIhgx8="></latexit>



Unweighted tangentiel Delaunay complex
27

Not necessarily a triangulation 
of the submanifold!

TangDelM(P, ⇢) =
[

v2P

PrestarP,M(v, ⇢)
<latexit sha1_base64="985g/Lw6nZCIW7CcLJ+VksPhxAI="></latexit>

Star of a
<latexit sha1_base64="DbsbhxuyDhmweJzV5kd8P0BzRZc="></latexit>

Star of b
<latexit sha1_base64="a9HGL3HErbVvZJbgToBcSIlbsTk="></latexit>

a
<latexit sha1_base64="CpL+UPZJGbRctv5+oGVnK6uAd88="></latexit>

b
<latexit sha1_base64="yfjtaUHsarXAyfaU0TiX3mAtgbs="></latexit>c

<latexit sha1_base64="HjYjfIHhSwYZ6pGGJMOHp56ntFo="></latexit>

d
<latexit sha1_base64="pWpGQiH6TfK/W9ErXWHSdrBWkhY="></latexit>

M
<latexit sha1_base64="cGwVQ7Ifj/iCq71Uhm11B4xBiEs="></latexit>

Prestar of b
<latexit sha1_base64="W5zMTYYmrsx0JVOK67lUB2iIAFk="></latexit>

Prestar of a
<latexit sha1_base64="J4JTNnsfj/eTqPIwPLuxU3cjsD4="></latexit> and

<latexit sha1_base64="niWOiEvllPpJ3M5zJpmI7+H7l2I="></latexit>

do not agree on triangles abc, abd, acd, bcd!
<latexit sha1_base64="+spvQgM8Yz8jVGz8dxIETMGSS4Y="></latexit>

a, b, c and d almost cocircular
<latexit sha1_base64="AKZsjVwkQCvvLuHPsu4pov4aidg="></latexit>



P “su�ciently” generic at scale ⇢?
<latexit sha1_base64="kiEsOi1O1i4D6YEHzS6xzeZDuk8="></latexit>

End
<latexit sha1_base64="Xo2FsIiCcTmAGit0sqIRhHpT4tM="></latexit>

Pertube P
<latexit sha1_base64="H7MLbzn1akOrgenBsvKLXOOd+D4="></latexit>

TRUE
<latexit sha1_base64="WMvTf/PXh4pKRPGOlyH15t5DTpw="></latexit>

FALSE
<latexit sha1_base64="DfMFnkmpfDXuIROW+oYbfSTviu4="></latexit>

How to ensure that triangulation?
28

P “su�ciently” nice sample of M
<latexit sha1_base64="pSTaWc/0uWI23k79q7UvHacAbaI="></latexit>

TangDelM(P, ⇢) triangulates M
<latexit sha1_base64="qfBwVmEPckAAWlQ0YJ+OwkWE4y0="></latexit>

P satisfies structural properties at scale ⇢
<latexit sha1_base64="Unhcnlp18AOgQaHd0IE2nwGrCwM="></latexit>



End
<latexit sha1_base64="Xo2FsIiCcTmAGit0sqIRhHpT4tM="></latexit>

Pertube P
<latexit sha1_base64="H7MLbzn1akOrgenBsvKLXOOd+D4="></latexit>

TRUE
<latexit sha1_base64="WMvTf/PXh4pKRPGOlyH15t5DTpw="></latexit>

FALSE
<latexit sha1_base64="DfMFnkmpfDXuIROW+oYbfSTviu4="></latexit>

How to ensure that triangulation?
29

P (", µ)-nice sample of M
<latexit sha1_base64="81FJhcK5L2e4/mYpDhMCiRqUlmA="></latexit>

P "-net
⇣

µ"2

Reach(M)

⌘
-accurate

<latexit sha1_base64="I5ZUw7F680ObmGX8fml9c6V7w7U="></latexit>

P “su�ciently” generic at scale ⇢?
<latexit sha1_base64="kiEsOi1O1i4D6YEHzS6xzeZDuk8="></latexit>

(Cte ⇥ ")-sparse
<latexit sha1_base64="WnPEWZGT+uGw+Oh7p8xhYpVY1y0="></latexit>

"-dense
<latexit sha1_base64="TogAk7X1CIR5aoegvECG9kTFUSY="></latexit>



End
<latexit sha1_base64="Xo2FsIiCcTmAGit0sqIRhHpT4tM="></latexit>

Pertube P
<latexit sha1_base64="H7MLbzn1akOrgenBsvKLXOOd+D4="></latexit>

TRUE
<latexit sha1_base64="WMvTf/PXh4pKRPGOlyH15t5DTpw="></latexit>

FALSE
<latexit sha1_base64="DfMFnkmpfDXuIROW+oYbfSTviu4="></latexit>

How to ensure that triangulation?
30

P (", µ)-nice sample of M
<latexit sha1_base64="81FJhcK5L2e4/mYpDhMCiRqUlmA="></latexit>

P (T, ⌫")-generic at scale ⇢?
<latexit sha1_base64="0DcDn8W/odDR7LruCRzqnPr8NdU="></latexit>

� is T -thick
<latexit sha1_base64="GTIYaZbWX8Qj+aN3nFoTd/lMNPo="></latexit>

8 ⇢-small d-simplices � ✓ P :
<latexit sha1_base64="d81LUr2rm7lQWxrDC8bJnOYX7W4="></latexit>

P "-net
⇣

µ"2

Reach(M)

⌘
-accurate

<latexit sha1_base64="I5ZUw7F680ObmGX8fml9c6V7w7U="></latexit>

� is (⌫")-protected at scale ⇢
<latexit sha1_base64="YLxe2jxDm8EKG592Cev/PDOCWQQ="></latexit>

8q 2 ⇡a↵ �(P \B(c�, ⇢)) \ �
<latexit sha1_base64="8O7Yn5ZU5Q7q1s4MKLk608YaceM="></latexit>

d(q, S(�)) > ⌫"
<latexit sha1_base64="4LDpw1f/Ode4qDtfGHDEvXET4Ig="></latexit>

a↵ �
<latexit sha1_base64="n/QciQ6S//J13pEBCbu2BOSWucY="></latexit>



End
<latexit sha1_base64="Xo2FsIiCcTmAGit0sqIRhHpT4tM="></latexit>

Pertube P
<latexit sha1_base64="H7MLbzn1akOrgenBsvKLXOOd+D4="></latexit>

TRUE
<latexit sha1_base64="WMvTf/PXh4pKRPGOlyH15t5DTpw="></latexit>

FALSE
<latexit sha1_base64="DfMFnkmpfDXuIROW+oYbfSTviu4="></latexit>

How to ensure that triangulation?
30

P (", µ)-nice sample of M
<latexit sha1_base64="81FJhcK5L2e4/mYpDhMCiRqUlmA="></latexit>

P (T, ⌫")-generic at scale ⇢?
<latexit sha1_base64="0DcDn8W/odDR7LruCRzqnPr8NdU="></latexit>

� is T -thick
<latexit sha1_base64="GTIYaZbWX8Qj+aN3nFoTd/lMNPo="></latexit>

8 ⇢-small d-simplices � ✓ P :
<latexit sha1_base64="d81LUr2rm7lQWxrDC8bJnOYX7W4="></latexit>

P "-net
⇣

µ"2

Reach(M)

⌘
-accurate

<latexit sha1_base64="I5ZUw7F680ObmGX8fml9c6V7w7U="></latexit>

� is (⌫")-protected at scale ⇢
<latexit sha1_base64="YLxe2jxDm8EKG592Cev/PDOCWQQ="></latexit>

8q 2 ⇡a↵ �(P \B(c�, ⇢)) \ �
<latexit sha1_base64="8O7Yn5ZU5Q7q1s4MKLk608YaceM="></latexit>

d(q, S(�)) > ⌫"
<latexit sha1_base64="4LDpw1f/Ode4qDtfGHDEvXET4Ig="></latexit>

a↵ �
<latexit sha1_base64="n/QciQ6S//J13pEBCbu2BOSWucY="></latexit>

Set scale parameter: ⇢ = �" with � � 6
<latexit sha1_base64="wu9SMHtQnZFNLATweXNlSsIUGZ0="></latexit>

the algorithm terminates
<latexit sha1_base64="j9ANlhl6h1c4qHCDaEh9bW0E/dY="></latexit>

Lovácz Local Lemma =) 9 µ, T , ⌫, C such that for "
Reach(M) < C,

<latexit sha1_base64="9bM6yELADghjJ0ATxxXjnVvkQbE="></latexit>



End
<latexit sha1_base64="Xo2FsIiCcTmAGit0sqIRhHpT4tM="></latexit>

Pertube P
<latexit sha1_base64="H7MLbzn1akOrgenBsvKLXOOd+D4="></latexit>

TRUE
<latexit sha1_base64="WMvTf/PXh4pKRPGOlyH15t5DTpw="></latexit>

FALSE
<latexit sha1_base64="DfMFnkmpfDXuIROW+oYbfSTviu4="></latexit>

How to ensure that triangulation?
31

P satisfies structural properties at scale ⇢
<latexit sha1_base64="Unhcnlp18AOgQaHd0IE2nwGrCwM="></latexit>

P (", µ)-nice sample of M
<latexit sha1_base64="81FJhcK5L2e4/mYpDhMCiRqUlmA="></latexit>

P (T, ⌫")-generic at scale ⇢
<latexit sha1_base64="z+JMSSEUxN6foOZ4jfFARpVC6U4="></latexit>

For "
Reach(M) small enough

<latexit sha1_base64="qOH5VUb/9fel8KwYL/aExw1/4IU="></latexit>



End
<latexit sha1_base64="Xo2FsIiCcTmAGit0sqIRhHpT4tM="></latexit>

Pertube P
<latexit sha1_base64="H7MLbzn1akOrgenBsvKLXOOd+D4="></latexit>

TRUE
<latexit sha1_base64="WMvTf/PXh4pKRPGOlyH15t5DTpw="></latexit>

FALSE
<latexit sha1_base64="DfMFnkmpfDXuIROW+oYbfSTviu4="></latexit>

How to ensure that triangulation?
31

P satisfies structural properties at scale ⇢
<latexit sha1_base64="Unhcnlp18AOgQaHd0IE2nwGrCwM="></latexit>

P (", µ)-nice sample of M
<latexit sha1_base64="81FJhcK5L2e4/mYpDhMCiRqUlmA="></latexit>

P (T, ⌫")-generic at scale ⇢
<latexit sha1_base64="z+JMSSEUxN6foOZ4jfFARpVC6U4="></latexit>

For "
Reach(M) small enough

<latexit sha1_base64="qOH5VUb/9fel8KwYL/aExw1/4IU="></latexit>

8m 2 M
<latexit sha1_base64="mmPwdMakK8ZQoE6zBvBZHqEs9u8="></latexit>

⇡TmM injective on P \B(m, ⇢)
<latexit sha1_base64="7gduS8wyL7PjMVpC36DuzWMkNJU="></latexit>

StarP,M(m, ⇢) triangulates TmM around m
<latexit sha1_base64="OwkLA3XtPoyGCYP2PpUfFQek8VU="></latexit>

{PrestarP,M(x, ⇢)}x2Conv(�) are in agreement at scale ⇢
<latexit sha1_base64="fjvSos9uzx9QN/B8Dh+YSHEMGaA="></latexit>

8 d-simplices �
<latexit sha1_base64="fNvpSCDOLLfyKQZgZ3sOYS22I0M="></latexit>



End
<latexit sha1_base64="Xo2FsIiCcTmAGit0sqIRhHpT4tM="></latexit>

Pertube P
<latexit sha1_base64="H7MLbzn1akOrgenBsvKLXOOd+D4="></latexit>

TRUE
<latexit sha1_base64="WMvTf/PXh4pKRPGOlyH15t5DTpw="></latexit>

FALSE
<latexit sha1_base64="DfMFnkmpfDXuIROW+oYbfSTviu4="></latexit>

How to ensure that triangulation?
31

P satisfies structural properties at scale ⇢
<latexit sha1_base64="Unhcnlp18AOgQaHd0IE2nwGrCwM="></latexit>

TangDelM(P, ⇢) triangulates M
<latexit sha1_base64="qfBwVmEPckAAWlQ0YJ+OwkWE4y0="></latexit>

P (", µ)-nice sample of M
<latexit sha1_base64="81FJhcK5L2e4/mYpDhMCiRqUlmA="></latexit>

P (T, ⌫")-generic at scale ⇢
<latexit sha1_base64="z+JMSSEUxN6foOZ4jfFARpVC6U4="></latexit>

For "
Reach(M) small enough

<latexit sha1_base64="qOH5VUb/9fel8KwYL/aExw1/4IU="></latexit>

8m 2 M
<latexit sha1_base64="mmPwdMakK8ZQoE6zBvBZHqEs9u8="></latexit>

⇡TmM injective on P \B(m, ⇢)
<latexit sha1_base64="7gduS8wyL7PjMVpC36DuzWMkNJU="></latexit>

StarP,M(m, ⇢) triangulates TmM around m
<latexit sha1_base64="OwkLA3XtPoyGCYP2PpUfFQek8VU="></latexit>

{PrestarP,M(x, ⇢)}x2Conv(�) are in agreement at scale ⇢
<latexit sha1_base64="fjvSos9uzx9QN/B8Dh+YSHEMGaA="></latexit>

8 d-simplices �
<latexit sha1_base64="fNvpSCDOLLfyKQZgZ3sOYS22I0M="></latexit>



Prestars in agreement
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x
<latexit sha1_base64="7PAHdUUQEPnv2RXB3jaAJe51QQc="></latexit>�

<latexit sha1_base64="FbkgsomIPjsxsXGbQ0Mba3H8Kcs="></latexit>

� 2 PrestarP,M(x, ⇢) () � 2 PrestarP,M(y, ⇢)
<latexit sha1_base64="uy2WsKeiZhy1ORiHBW9mGWo+VgM="></latexit>

Prestars of � are in agreement at scale ⇢ if
<latexit sha1_base64="rWiDcujhBcc42lAQFy421Y7pbH0="></latexit>

8x, y 2 Conv(�)
<latexit sha1_base64="1a1hcnUot7j1q6yjPwbECVwp/jk="></latexit>



Prestars in agreement
33

�
<latexit sha1_base64="FbkgsomIPjsxsXGbQ0Mba3H8Kcs="></latexit>

y
<latexit sha1_base64="NisCAzXSsu6FG5NCk9SPp8B1jig="></latexit>

� 2 PrestarP,M(x, ⇢) () � 2 PrestarP,M(y, ⇢)
<latexit sha1_base64="uy2WsKeiZhy1ORiHBW9mGWo+VgM="></latexit>

Prestars of � are in agreement at scale ⇢ if
<latexit sha1_base64="rWiDcujhBcc42lAQFy421Y7pbH0="></latexit>

8x, y 2 Conv(�)
<latexit sha1_base64="1a1hcnUot7j1q6yjPwbECVwp/jk="></latexit>



�
<latexit sha1_base64="FbkgsomIPjsxsXGbQ0Mba3H8Kcs="></latexit>

y
<latexit sha1_base64="NisCAzXSsu6FG5NCk9SPp8B1jig="></latexit>

x
<latexit sha1_base64="7PAHdUUQEPnv2RXB3jaAJe51QQc="></latexit>

Prestars in agreement
34

� 2 PrestarP,M(x, ⇢) () � 2 PrestarP,M(y, ⇢)
<latexit sha1_base64="uy2WsKeiZhy1ORiHBW9mGWo+VgM="></latexit>

Prestars of � are in agreement at scale ⇢ if
<latexit sha1_base64="rWiDcujhBcc42lAQFy421Y7pbH0="></latexit>

8x, y 2 Conv(�)
<latexit sha1_base64="1a1hcnUot7j1q6yjPwbECVwp/jk="></latexit>

We can work in the tangent plane that is most convenient for us!
<latexit sha1_base64="6EM2Mjz2mZQoJ5PY8CkDit/Ni9g="></latexit>

� projects onto a Delaunay simplex either in all “nearby” tangent planes or in
none of them.

<latexit sha1_base64="7BVQpeaprBMeHPUr5wSR22zXEl8="></latexit>



Triangulation of the manifold
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P \B(m, ⇢)
<latexit sha1_base64="5SyCQnu7wO+rOYgmjprWpR9cUgA="></latexit>

{� 2 TangDelM(P, ⇢) |
<latexit sha1_base64="CEu+qEEgchIUe1p1L1t4nr4QVKA="></latexit>

⇡M(�) covers m}
<latexit sha1_base64="Ym26iwHZa5d/YGzHsPsyhsqGfNs="></latexit>

StarP,M(m, ⇢)
<latexit sha1_base64="gwMk+iLl/XSMIZmO7gWSTXCNIcs="></latexit>

PrestarP,M(m, ⇢)
<latexit sha1_base64="0ipgV3VFzC02zqhfGESfgCcsGc0="></latexit>

Domain invariance theorem =) ⇡M : D ! M open
<latexit sha1_base64="pP5KkulO2HxlAEkE4kgq25KrCLM="></latexit>

⇡M : |TangDelM(P, ⇢)| ! M homeomorphism
<latexit sha1_base64="PPsNlftr81/rLdURjPS+veVjnK4="></latexit>

We prove that D = |TangDelM(P, ⇢)| d-manifold and ⇡M : D ! M injective.
<latexit sha1_base64="UuMDVutWkaLRQOrz1Axm7QDOiuI="></latexit>



P samples M “su�cently”
and “su�ciently“ generic

<latexit sha1_base64="LJBQuTYTFC/hCa9rXcUKlecIyH8="></latexit>

Unweighted tangential Delaunay complex
36

Geometric characterization of elements Variational characterization

Minimizes Delaunay energy
<latexit sha1_base64="InlUhND+rrg799/92uRVwYbbGnQ="></latexit>

P samples M “su�cently”
and “su�ciently“ generic

<latexit sha1_base64="LJBQuTYTFC/hCa9rXcUKlecIyH8="></latexit>

Triangulation of M
<latexit sha1_base64="xyNKxfDXdweA+twytieCJDqVbug="></latexit>

TangDelM(P, ⇢)
<latexit sha1_base64="gLEueAsOvsVAelmXwZaDLLc0xcs="></latexit>



How to transform this into a convex problem?
<latexit sha1_base64="YnMaa+49gEE2V2+DyWxiRst7NWI="></latexit>

Finding a triangulation by minimization
37

P : a finite sample of a smooth d-submanifold M of RN
<latexit sha1_base64="nkl381GfcrkL6WttnL2PN6/KNWo="></latexit>

Find a set of d-simplices T that
<latexit sha1_base64="D1iOiOrZz3poJa4Fehycs7P4hGs="></latexit>

=
X

� d-simplex of T

!del(�)

<latexit sha1_base64="lDwG4GBQtMo5lsLyAlxjTj4751k="></latexit>

Why using Delaunay weights?
<latexit sha1_base64="TF4fV+9NCLnIr1PLArvM1mqP8RE="></latexit>

• minimizes Edel(T )

• subject to: “T is a mesh with vertex set P
<latexit sha1_base64="ToX2cees95AFEKm0WEub/5RhwoU="></latexit>

that triangulates M”
<latexit sha1_base64="0gbf9apRJ7fWIh9FDVU7XkW8Hh4="></latexit>



• minimizes E(�)

• subject to: � connects a to b
<latexit sha1_base64="k+0GNH2zIRiV8WSnBlEkXjaMBjY="></latexit>

Find a path � that
<latexit sha1_base64="ZJiaua5j3+XmvatWnu3q0mxorHQ="></latexit>

Finding a path by minimization
38

!(e) = weight of e
<latexit sha1_base64="rPy5kJ4rUqX0lyo0kJw+RBpi7fs="></latexit>

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit> b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

=
X

e edge of �

!(e)

<latexit sha1_base64="EuIzvtPMRcekc40t58TB5Vw/2wY="></latexit>

a graph G = (V,E)
<latexit sha1_base64="DuwHWAOa9D24OUK7BistvGYSZNE="></latexit>



=
X

e edge of �

!(e)

<latexit sha1_base64="EuIzvtPMRcekc40t58TB5Vw/2wY="></latexit>

Finding a path by minimization
39

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit> b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

!(e) = length(e)
<latexit sha1_base64="6jru0Q99XTkAeIjLOoJhV/eZuKI="></latexit>

The shortest path is ab (assuming ab 2 G).
<latexit sha1_base64="fd864c5e3XDGMKaerkcl+ZqniJs="></latexit>

Find a path � that
<latexit sha1_base64="ZJiaua5j3+XmvatWnu3q0mxorHQ="></latexit>

• minimizes E(�)

• subject to: � connects a to b
<latexit sha1_base64="k+0GNH2zIRiV8WSnBlEkXjaMBjY="></latexit>

a graph G = (V,E)
<latexit sha1_base64="DuwHWAOa9D24OUK7BistvGYSZNE="></latexit>



Finding a path by minimization
40

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit> b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

!(e) = length(e)
<latexit sha1_base64="6jru0Q99XTkAeIjLOoJhV/eZuKI="></latexit>

2
<latexit sha1_base64="4Da8aW8rNBWYrHsjP9/N0azF5nI="></latexit>

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit>

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit>

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit>b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

b
<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

b
<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

c
<latexit sha1_base64="vJsE9RRnAJ3x++6/CHKgmj0hGVA="></latexit> c

<latexit sha1_base64="vJsE9RRnAJ3x++6/CHKgmj0hGVA="></latexit>

c
<latexit sha1_base64="vJsE9RRnAJ3x++6/CHKgmj0hGVA="></latexit>

Find a path � that
<latexit sha1_base64="ZJiaua5j3+XmvatWnu3q0mxorHQ="></latexit>

• minimizes E(�)

• subject to: � connects a to b
<latexit sha1_base64="k+0GNH2zIRiV8WSnBlEkXjaMBjY="></latexit>

=
X

e edge of �

!(e)

<latexit sha1_base64="EuIzvtPMRcekc40t58TB5Vw/2wY="></latexit>

Pythagorean theorem
<latexit sha1_base64="qdqy4jZeOWR/TUmwRlWjb7yuGuk="></latexit>

a graph G = (V,E)
<latexit sha1_base64="DuwHWAOa9D24OUK7BistvGYSZNE="></latexit>



Finding a path by minimization
41

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit> b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

!(e) = length(e)
<latexit sha1_base64="6jru0Q99XTkAeIjLOoJhV/eZuKI="></latexit>

3
<latexit sha1_base64="KF+pBUashglJ64B/BRvq5jZ0CSw="></latexit>

The Delaunay weight
<latexit sha1_base64="bqGXbDonpQA6FDGsrC8iQCxi0CM="></latexit>

The shortest path starts going through “denser” parts of the point cloud!
<latexit sha1_base64="ibhhvj9jLG6ABfss3puldAFakek="></latexit>

Find a path � that
<latexit sha1_base64="ZJiaua5j3+XmvatWnu3q0mxorHQ="></latexit>

• minimizes E(�)

• subject to: � connects a to b
<latexit sha1_base64="k+0GNH2zIRiV8WSnBlEkXjaMBjY="></latexit>

=
X

e edge of �

!(e)

<latexit sha1_base64="EuIzvtPMRcekc40t58TB5Vw/2wY="></latexit>

a graph G = (V,E)
<latexit sha1_base64="DuwHWAOa9D24OUK7BistvGYSZNE="></latexit>



Finding a path by minimization
42

!(e) = weight of e
<latexit sha1_base64="rPy5kJ4rUqX0lyo0kJw+RBpi7fs="></latexit>

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit> b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

Dijkstra’s algorithm solves the problem in O(|E|+ |V | log |V |).
<latexit sha1_base64="sxPP2E3y8LaYypIV9jX47MECyd0="></latexit>

Find a path � that
<latexit sha1_base64="ZJiaua5j3+XmvatWnu3q0mxorHQ="></latexit>

• minimizes E(�)

• subject to: � connects a to b
<latexit sha1_base64="k+0GNH2zIRiV8WSnBlEkXjaMBjY="></latexit>

=
X

e edge of �

!(e)

<latexit sha1_base64="EuIzvtPMRcekc40t58TB5Vw/2wY="></latexit>

a graph G = (V,E)
<latexit sha1_base64="DuwHWAOa9D24OUK7BistvGYSZNE="></latexit>



Enlarging the search space
43

• give each edge e an arbitrary orientation:
<latexit sha1_base64="Al1QxOzb97+6ne5KQOeaQh3i2H4="></latexit>

• 1-chain
<latexit sha1_base64="s5W92z1VgXlrqrMu4BkYvzsHvDY="></latexit>

� =
X

e edge

�(e)e

<latexit sha1_base64="vH5O8PgaGbNL4P8wasLRqX/NqrU="></latexit>

• boundary operator @:
<latexit sha1_base64="TTbLTTUHzVbkgnoHo7WAA86rlHc="></latexit>

� =
2

3
[ac] +

2

3
[cb] +

1

3
[ab]

<latexit sha1_base64="JWdBJdBGRqp9LsAjYZPVg82Smc4="></latexit>

@� =
2

3
(c� a) +

2

3
(b� c) +

1

3
(b� a) = b� a

<latexit sha1_base64="F6+jlUlcHctJrmqK9hqheu89LPc="></latexit>

vector
<latexit sha1_base64="TXVk5lqJWhMHK/Q3nL4bO24YV6Q="></latexit> coordinate

<latexit sha1_base64="8vg/f0sRxt4PUz79yiW7b2zbn2o="></latexit>

element of the basis
<latexit sha1_base64="TLlwGp5/BKCkAiauBYQHH25qVR0="></latexit>

a
<latexit sha1_base64="80Jikb/f4qds/GLBD2BDVCvS+10="></latexit> b

<latexit sha1_base64="y5mM8uZWDgPcKxwyZwBoJvCqNko="></latexit>

c
<latexit sha1_base64="rA97SRAtbw/G/1Iu6gg4jMZcCkA="></latexit>

2/3
<latexit sha1_base64="eYUdK3sWG+XpAdMMKjO2v0dAlXQ="></latexit>

2/3
<latexit sha1_base64="eYUdK3sWG+XpAdMMKjO2v0dAlXQ="></latexit>

1/3
<latexit sha1_base64="Ij2sxIEjTLtYdXKHRYzDFEE6vOU="></latexit>

linear operator such that @e = vend(e)� vstart(e)
<latexit sha1_base64="SKJeQKQjBtPnIf4+PnGDrzujJL4="></latexit>

the set of paths
<latexit sha1_base64="6WrDHXm1bvL1pEri1sL9KNeavOE="></latexit>

finite
<latexit sha1_base64="QcO3vvngkDe8nLLzT1AtAiD+am0="></latexit>

vector space
<latexit sha1_base64="mGI7NEGJYTbuIOUJNnDowpVhAWQ="></latexit>

the set of 1-chains with coe�cients in R
<latexit sha1_base64="+y85BTJ2pzfFXmLkgScov3YYi8Q="></latexit>



Reformulating minimization problem
44

!(e) = weight of e
<latexit sha1_base64="rPy5kJ4rUqX0lyo0kJw+RBpi7fs="></latexit>

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit> b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

=
X

e edge of �

!(e) �(e)2

<latexit sha1_base64="zwdivYpGBIBHWhXrGZVOk/Wk0yE="></latexit>

L2 norm
<latexit sha1_base64="xGfq+8XIsFrt95tta3wnRrl89XQ="></latexit>

• minimizes E(�)

• subject to: @� = b� a
<latexit sha1_base64="5nPYFyd7W6Jyccv0QPJ7yM1WDew="></latexit>

Find a 1-chain � that
<latexit sha1_base64="XwFiBxZupkbzSPLZB5gpdGe75zo="></latexit>

The solution spreads everywhere!
<latexit sha1_base64="M/HN8fEQ0bV+ZJF3wxxItBh7EOg="></latexit>

If a = b, the solution is a harmonic form � and can be computed using
W

1
2 � 2 ker(W

1
2 @d+1@t

d+1W
1
2 +W� 1

2 @t
d@dW

� 1
2 ).

<latexit sha1_base64="FPix+6UeUJl6/ni7AHKF+8m3LVg="></latexit>

a graph G
<latexit sha1_base64="azg0LkBLn3gm+PEVYJwwpibXcjc="></latexit>



=
X

e edge of �

!(e) �(e)2

<latexit sha1_base64="zwdivYpGBIBHWhXrGZVOk/Wk0yE="></latexit>

L2 norm
<latexit sha1_base64="xGfq+8XIsFrt95tta3wnRrl89XQ="></latexit>

• minimizes E(�)

• subject to: @� = b� a
<latexit sha1_base64="5nPYFyd7W6Jyccv0QPJ7yM1WDew="></latexit>

Find a 1-chain � that
<latexit sha1_base64="XwFiBxZupkbzSPLZB5gpdGe75zo="></latexit>

Physical interpretation
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!(e) = weight of e
<latexit sha1_base64="rPy5kJ4rUqX0lyo0kJw+RBpi7fs="></latexit>

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit> b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

Electrical circuit
<latexit sha1_base64="Z1FdOq4Kviwhw7Hio1v7ywQoBCs="></latexit>

Resistor
<latexit sha1_base64="S3DVIFllnYLxx1CNZGM77Z9M8bk="></latexit>

Resistance
<latexit sha1_base64="695g567PpPPm2PmgV4LM9gG1RI0="></latexit>

Joule heating
<latexit sha1_base64="6DM1AChsFJKiCTpkUGOFSTknjdM="></latexit>

mesh rule
<latexit sha1_base64="q59K1Bz19Nn6up0G9pghy613a6A="></latexit>

current entering = current leaving
<latexit sha1_base64="i0tXT85oJxdjDOiRXngFWz7qepo="></latexit>

at junction v
<latexit sha1_base64="treUathrcirTZR2qGArN311hF2g="></latexit>

(nodal rule)
<latexit sha1_base64="xciRqgrUluC289WsyPvYgrgvLEE="></latexit>

at junction b
current entering = 1
current leaving = 0

<latexit sha1_base64="oxwXsT6Gld5bknKoJ5FDaiE0KjU="></latexit>

at junction a
current entering = 0
current leaving = 1

<latexit sha1_base64="p15c9VpSo9DU9jkTd1vQ8LzV7kA="></latexit>

edge e
<latexit sha1_base64="dOaeHYpSUjdPx0+Cm1ux90vC3A4="></latexit>

The solution spreads everywhere!
<latexit sha1_base64="M/HN8fEQ0bV+ZJF3wxxItBh7EOg="></latexit>

If a = b, the solution is a harmonic form � and can be computed using
W

1
2 � 2 ker(W

1
2 @d+1@t

d+1W
1
2 +W� 1

2 @t
d@dW

� 1
2 ).

<latexit sha1_base64="FPix+6UeUJl6/ni7AHKF+8m3LVg="></latexit>

a graph G
<latexit sha1_base64="azg0LkBLn3gm+PEVYJwwpibXcjc="></latexit>

nodal rule
<latexit sha1_base64="TWSi3tBz/BGhLAWoB8INbWMmfMk="></latexit>

current
<latexit sha1_base64="15KQb19rYg8Fo8WK1K2xVHMbc1M="></latexit>



L1 norm
<latexit sha1_base64="aHm0skHGFfZFNEb61Zp+4cZdRSc="></latexit>

The solution is expected to be sparse!
<latexit sha1_base64="6DFycMVIcB3WFxAs2dV9rKB+8R4="></latexit>

Reformulating minimization problem
46

!(e) = weight of e
<latexit sha1_base64="rPy5kJ4rUqX0lyo0kJw+RBpi7fs="></latexit>

a
<latexit sha1_base64="sWXS8N2aSlM18ed/SSR1e2Ll7jY="></latexit> b

<latexit sha1_base64="DWCO18okSx9hk8XEEchmYocmWiM="></latexit>

Convex problem whose solution can be computed by linear programming (using
slack variables)

<latexit sha1_base64="Y/5DnLCVKXFpm22c9z9CRBmZT3w="></latexit>

Not necessarily a path!
<latexit sha1_base64="5cbiPLlo+mztzSBGt+EigVmJlbw="></latexit>

• minimizes E(�)

• subject to: @� = b� a
<latexit sha1_base64="5nPYFyd7W6Jyccv0QPJ7yM1WDew="></latexit>

Find a 1-chain � that
<latexit sha1_base64="XwFiBxZupkbzSPLZB5gpdGe75zo="></latexit>

=
X

e edge of �

!(e) |�(e)|
<latexit sha1_base64="tWLVY/3jxIVtbKE7iizJZT5tzDA="></latexit>

a graph G
<latexit sha1_base64="azg0LkBLn3gm+PEVYJwwpibXcjc="></latexit>



Reformulating minimization problem
47

Find a d-chain � of K that
<latexit sha1_base64="GX0OQzUoMzsfq1cCZHRlH+FThpA="></latexit>

• minimizes Edel(�)

• subject to: @� = 0
<latexit sha1_base64="KWoz5dCrzUPxbeo5pvu5efVajyc="></latexit>

=
X

� d-simplex of K

!del(�) |�(�)|
<latexit sha1_base64="z8VJ+qCGT4AjToKEZ84OgeKOucI="></latexit>

loadm0(�) = 1
<latexit sha1_base64="vndzxEeqhiN60U+N1fUHRCTzUaE="></latexit>

K: a simplicial complex with vertex set P
<latexit sha1_base64="9+uqo+2V874XtiPjlxDVeS8zR9k="></latexit>

loadm(�) =
X

↵

�(↵)1⇡M(Conv(↵))(m)
<latexit sha1_base64="uLk/ZgdKLccjT9AjiBazOy03Ln0="></latexit>

Least-norm problem whose constraint functions @ and loadm0 are linear
<latexit sha1_base64="e4pqoIiuOt64ad/8os3lEDaRVk8="></latexit>

Convex optimization problem
<latexit sha1_base64="eUTpl0tHWB2+vL46OUt5EEqCPn4="></latexit>

“normalization”
<latexit sha1_base64="p2j2Xow3JrA2JsuSWQ6YW9lMeXs="></latexit>

cycle
<latexit sha1_base64="FpibQeovOPu9XqQ9tQ+kOqR7Y9c="></latexit>



Theorem. There exists a constant C such that if P is (", µ)-nice sample of M
(T, ⌫")-generic at scale ⇢ and TangDelM(P, ⇢) ✓ K ✓ Cech(P, ⇢),

then for "
Reach(M) < C, the solution is unique and defines a triangulation of M

which is TangDelM(P, ⇢).
<latexit sha1_base64="DRT9aOPxfLpXx6MPmJptyJi/t4c="></latexit>

Our result
48

loadm(�) =
X

↵

�(↵)1⇡M(Conv(↵))(m)
<latexit sha1_base64="uLk/ZgdKLccjT9AjiBazOy03Ln0="></latexit>

Find a d-chain � of K that
<latexit sha1_base64="GX0OQzUoMzsfq1cCZHRlH+FThpA="></latexit>

• minimizes Edel(�)

• subject to: @� = 0
<latexit sha1_base64="KWoz5dCrzUPxbeo5pvu5efVajyc="></latexit>

=
X

� d-simplex of K

!del(�) |�(�)|
<latexit sha1_base64="z8VJ+qCGT4AjToKEZ84OgeKOucI="></latexit>

loadm0(�) = 1
<latexit sha1_base64="vndzxEeqhiN60U+N1fUHRCTzUaE="></latexit>

K: a simplicial complex with vertex set P
<latexit sha1_base64="9+uqo+2V874XtiPjlxDVeS8zR9k="></latexit>



Idea of the proof
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(intrinsec expression)
<latexit sha1_base64="w9cRIqO+5qRtWTE9r3q24JFSK1Q="></latexit>

where Power�(x) = power distance of x to smallest circumsphere of �
<latexit sha1_base64="1ScYcb4SBGbzn6oSPYQChabDxSc="></latexit>

= kx� Z(�)k2 �R(�)2
<latexit sha1_base64="i3emIGditGNtHdH4SfgBo+oSryg="></latexit>

=

Z

x2Conv(�)
�Power�(x) dx

<latexit sha1_base64="Ka/DgA13WFmnJIHnZo/zqAls67M="></latexit>

=
1

(d+ 1)(d+ 2)
vol(�)

X

e edge of �

length(e)2

<latexit sha1_base64="WfFZybVEdEVOM/ILtrxY3IjRz98="></latexit>

!del(�) = volume between �̂ and P
<latexit sha1_base64="iQeXRdkOiNaDSnhnV7NEMZiBVh4="></latexit>

Find a d-chain � of K that
<latexit sha1_base64="GX0OQzUoMzsfq1cCZHRlH+FThpA="></latexit>

• minimizes Edel(�)

• subject to: @� = 0
<latexit sha1_base64="KWoz5dCrzUPxbeo5pvu5efVajyc="></latexit>

=
X

� d-simplex of K

!del(�) |�(�)|
<latexit sha1_base64="z8VJ+qCGT4AjToKEZ84OgeKOucI="></latexit>

loadm0(�) = 1
<latexit sha1_base64="vndzxEeqhiN60U+N1fUHRCTzUaE="></latexit>



= i↵ � = �del
<latexit sha1_base64="rMoZptVIoDGkIR8WNeeXzrbmDec="></latexit>

Idea of the proof
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Euclidean case

�del = chain defined by Del(P )
<latexit sha1_base64="ZDQdr8oxYXAzP+gD6HWNAEEVZ50="></latexit>

� d-simplex

x 2 Conv(�)
<latexit sha1_base64="7LRDVEfaDMabHS0LoZZsoeDpvDQ="></latexit>

h(x) = min (�Power�(x))
<latexit sha1_base64="3ok2ZZ/KDgw/XAXPEfU2y2w6SBI="></latexit>

Edel(�del) =
X

�

!min(�)|�min(�)| 
X

�

!min(�)|�(�)| 
X

�

!del(�)|�(�)| = Edel(�)
<latexit sha1_base64="FRoGwNE7QN9Cky4xd6cpI8sUL5M="></latexit>

volume between
LowConv(P̂ ) and P

<latexit sha1_base64="MgIOQon5Wckv5NhQ6GyD0fCNMQ4="></latexit>

=

Z

x2Conv(�)
h(x) dx

<latexit sha1_base64="x16BtTQIx1RBctw/pfO6tEnRodg="></latexit>

volume between
LowConv(P̂ )
above � and P

<latexit sha1_base64="4pJbEwmyz9axYMvsviDp6YHTyQI="></latexit>



Idea of the proof
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Manifold case



Idea of the proof
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Manifold case

P “su�ciently” generic at scale ⇢
<latexit sha1_base64="CgDKcepuJp7usb2eX9u2K2Bkk9g="></latexit>

↵ 2 TangDelM(P, ⇢)
<latexit sha1_base64="beR21NbIMK3PrYsn4f5NlGTuzig="></latexit>

↵ 2 Del(⇡a↵ ↵(P \B(c↵, ⇢)))
<latexit sha1_base64="7G3UqAEq+oEY2TGA+9HuVv5h1nc="></latexit>



Idea of the proof
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Manifold case

P “su�ciently” generic at scale ⇢
<latexit sha1_base64="CgDKcepuJp7usb2eX9u2K2Bkk9g="></latexit>

↵ 2 TangDelM(P, ⇢)
<latexit sha1_base64="beR21NbIMK3PrYsn4f5NlGTuzig="></latexit>

↵ 2 Del(⇡a↵ ↵(P \B(c↵, ⇢)))
<latexit sha1_base64="7G3UqAEq+oEY2TGA+9HuVv5h1nc="></latexit>



h(x) = min (�Power�(y))
<latexit sha1_base64="TA/J2y+mQxCNWV8IJuy8zBz+odg="></latexit>

� d-simplex

y 2 Conv(�)

⇡M(y) = ⇡M(x)
<latexit sha1_base64="kM2JFE2yULwJXTzozm8Hw5w3ero="></latexit>

Idea of the proof
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Manifold case

P “su�ciently” generic at scale ⇢
<latexit sha1_base64="CgDKcepuJp7usb2eX9u2K2Bkk9g="></latexit>

↵ 2 TangDelM(P, ⇢)
<latexit sha1_base64="beR21NbIMK3PrYsn4f5NlGTuzig="></latexit>

↵ 2 Del(⇡a↵ ↵(P \B(c↵, ⇢)))
<latexit sha1_base64="7G3UqAEq+oEY2TGA+9HuVv5h1nc="></latexit>

= i↵ � = �del
<latexit sha1_base64="rMoZptVIoDGkIR8WNeeXzrbmDec="></latexit>

Edel(�del) =
X

�

!min(�)|�min(�)| 
X

�

!min(�)|�(�)| 
X

�

!del(�)|�(�)| = Edel(�)
<latexit sha1_base64="FRoGwNE7QN9Cky4xd6cpI8sUL5M="></latexit>

volume between
LowConv(P̂ ) and P

<latexit sha1_base64="MgIOQon5Wckv5NhQ6GyD0fCNMQ4="></latexit>

Z

x2'(Conv(�))
h(x) dx

<latexit sha1_base64="yNG2ypVHZsnFmcm5pJ4rH1PTUhg="></latexit>

�del = chain defined by TangDelM(P, ⇢)
<latexit sha1_base64="ZlsBxHVdB8eDIGt/Kir644O07ag="></latexit>



Experiments
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Solution
(L1-minimization)

<latexit sha1_base64="fl8dQqvEMNzU86cslYGj1W2KVUo="></latexit>

Harmonic form

(L2-minimization)
<latexit sha1_base64="fugEIGx0CaMVKg8aqd0R8kI28DE="></latexit>

Rips complex
(382 vertices, E(deg) = 17.1)

<latexit sha1_base64="eTlxE1Okn0iRXoxzyhNJXQepmKY="></latexit>

Rips complex
(2000 vertices, E(deg) = 17.1)

<latexit sha1_base64="9mFVEGkmx0mH7HqZWT6+daIn2F0="></latexit>

Rips complex
(542 vertices, E(deg) = 17.5)

<latexit sha1_base64="/dEHGF2ijfJ71Ftp8wpL0Yt/dtQ="></latexit>



Conclusion
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Two papers in preparation 

Future work 

• Algorithmic aspects 

• Anisotropic energy

Thank you for your attention!


