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DISCRETE VECTOR BUNDLES WITH CONNECTION AND THE BIANCHI

IDENTITY

DANIEL BERWICK-EVANS, ANIL N. HIRANI, AND MARK D. SCHUBEL

Abstract. We develop a discrete theory of vector bundles with connection that is natural with
respect to appropriate mappings of the base space. The main objects are discrete vector bundle
valued cochains. The central operators are a discrete exterior covariant derivative and a combina-
torial wedge product. We demonstrate the key properties of these operators and show that they are
natural with respect to the mappings referred to above. We give a new interpretation in terms of a
double averaging of anti-symmetrized cup product which serves as our discrete wedge product. We
also formulate a well-behaved definition of metric compatible discrete connections. We characterize
when a discrete vector bundle with connection is trivializable or has a trivial lower rank subbundle.
This machinery is used to define discrete curvature as linear maps and we show that our formulation
satisfies a discrete Bianchi identity.

1. Introduction

This paper looks to discretize the following structures in differential geometry. Let E be a
vector bundle over a smooth manifold M . Consider the vector space of E-valued differential k-
forms Λk(M ;E) and the graded vector space Λ•(M ;E) ∼=

⊕
k Λ

k(M ;E) of E-valued forms. The
graded algebra Λ•(M) of differential forms acts on Λ•(M ;E) through linear maps

(1) Λk(M)× Λl(M ;E) → Λk+l(M ;E), (w,α) 7→ w ∧ α

for each k and l. If we equip E with a connection ∇ : Γ(E) → Λ1(M ;E), the exterior covariant
derivative extends ∇ to a degree +1 map d∇ on E-valued forms

Γ(E) = Λ0(M ;E)
∇=d∇−→ Λ1(M ;E)

d∇→ Λ2(M ;E)
d∇→ Λ3(M ;E) → · · ·(2)

This extension d∇ is designed to be compatible with the de Rham differential d : Λk(M) → Λk+1(M)
by way of the Leibniz rule,

d∇(w ∧ α) = dw ∧ α+ (−1)|w|w ∧ d∇α.(3)

When E is the trivial line bundle and ∇ is the trivial connection, we have (Λk(M ;E), d∇) =
(Λk(M), d), and (3) becomes the usual Leibniz rule for the de Rham differential. For a general
connection, one important difference from the de Rham complex is that d∇ ◦ d∇ need not be zero,
and hence (2) need not be a cochain complex. Indeed, the vanishing of d∇ ◦ d∇ is equivalent to ∇
being a flat connection. The failure of flatness is measured by the operator

d∇ ◦ d∇ = F ∈ Λ2(M ; End(E))(4)

aptly called the curvature of ∇. Here, F acts on E-valued forms via the linear maps defined for
each k and l,

Λk(M ; End(E))× Λl(M ;E) → Λk+l(M ;E).(5)

The structures (1)-(5) are natural in the manifold M : a smooth map f : N → M determines a map
of the sequences (2) for E on M and f∗E on N using the connections ∇ and f∗∇, this map is
compatible with the induced map of de Rham complexes, the curvature of f∗∇ is f∗F , the pullback
of the curvature of ∇. This generalizes naturality of the de Rham complex, which in turn generalizes
the chain rule. This paper develops a theory of discrete vector bundles with connection over
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simplicial complexes with properties mirroring (1)-(5) that are appropriately natural with respect
to maps of simplicial complexes. One of the eventual goals of this theory is the development of
coordinate independent numerical methods for partial differential equations in which geometry plays
an important role. Classical examples include Einstein’s equation and the Yang–Mills equations.

Our geometric intuition for discrete vector bundles with connections comes from two sources.
The first is discrete exterior calculus (DEC), reviewed in §2 below. In brief, DEC is a combinato-
rial framework for discretizing scalar-valued differential forms, vector fields, and exterior calculus
operators in a way that faithful encodes expected algebraic identities, e.g., the Leibniz rule for the
de Rham differential. Riemannian metric is encoded in DEC via a primal and dual cell complex
incorporating orthogonality and lengths, areas, volumes etc. Our first constraint on any theory of
discrete vector bundles with connection is that it specialize to the metric free part of DEC in the
case of a trivial bundle with trivial connection.

The second source of inspiration comes from another well-known interpretation of curvature as
the failure of parallel transport to be independent of the path. Indeed, a connection is flat if and
only parallel transport with respect to a connection is invariant under smooth homotopies of paths
preserving the endpoints. Furthermore, curvature can be computed as the infinitesimal parallel
transport along the sides of an infinitesimal rectangle in M . This suggests that one discretize the
exterior covariant derivative in terms of parallel transport matrices and discretize the curvature
operator using parallel transport around small loops. This leads to our second constraint on the
theory of discrete vector bundles with connection: the discrete exterior covariant derivative operator
and the discrete curvature operator be constructed by parallel transport maps.

This second idea is very much in keeping with various well-established methods. For example,
lattice gauge theory as originally developed by Wilson [11] encodes connection data in terms of
parallel transport matrices. This is an area of active research in physics, e.g., see the textbook [10]
for an overview.

Like lattice gauge theory, the fibers in our theory are situated at vertices and parallel transport
maps on edges. Unlike lattice gauge theory our formulation is on simplicial complexes. Simpli-
cial gauge theory has appeared in numerical analysis literature. For example Christiansen and
Halvorsen [1] defined an action for gauge theories on simplicial complexes inspired by finite el-
ement methods. Christiansen and Hu [2] develop discrete vector bundles with connections with
fibers at every dimension. In computer graphics discrete vector bundles with connection have been
developed for simplicial surface meshes [9].

Many of the definitions and constructions below are motivated by infinitesimal arguments, which
we then implement “approximately” on a simplicial mesh. Because of this philosophical underpin-
ning in the infinitesimal, our formulas often resemble those that occur in the field of synthetic
differential geometry [6], wherein one looks to make infinitesimal arguments rigorous.

Statement of results. We now summarize our two main theorems. One concerns the structure
preserving discretization of the framework for differential geometry using vector bundles described
above. The second result is about the application of this discrete framework to trivializability and
reduction of structure group. We state the theorems below and prove these in various propositions
later in the paper. The new terminology used is defined later in the appropriate sections.

Theorem 1.1 (Structure-preserving discretization). Let X ′ and X be simplicial complexes (E,∇)
a discrete vector bundle with connection over X and f : X ′ → X an abstract simplicial map. Then
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there exists F ∈ C2(X;Hom(E)) (discrete curvature) and maps

∇ : Γ(E) = C0(X;E) → C1(X;E)

d∇ : Ck(X;E) → Ck+1(X;E)

∧ : Ck(X)× C l(X;E) → Ck+l(X;E)

Ck(X ;Hom(E)) ×C l(X;E) → Ck+l(X;E)

d∇ : Ck(X;Hom(E)) → Ck+1(X;Hom(E))

such that

(i) (Leibniz rule, Prop. 7.2, Cor. 7.4) For α ∈ Ck(X;E) and w ∈ C l(X), k, l ∈ N :

d∇(α ∧ w) = d∇α ∧ w + (−1)kα ∧ dw ,

(ii) (Naturality, Prop. 6.9 and 7.5) f∗(α ∧ w) = f∗α ∧ f∗w, and f∗d∇ = d∇f
∗,

(iii) (Curvature, Prop. 8.8) d∇d∇α = F α, and
(iv) (Bianchi identity, Prop. 8.9) d∇F = 0.

The naturality results above reduce to results about DEC for a real line bundle and trivial
connection. In Prop. 6.8 we also give a new interpretation of anti-symmetrized cup product which
is our discrete wedge product. This interpretation involves a double averaging involving the two
cochains involved. In the case of a bundle metric, we show in Prop. 7.9 metric compatibility of the
discrete connection in terms of a Leibniz rule.

We define a flat discrete connection ∇ to be one for which parallel transport is the same for
homotopic paths. On the other hand, the curvature of the connection F is defined as d2∇. The
following shows vanishing curvature is indeed equivalent to a flat connection, and furthermore that
curvature obstructs trivializability.

Theorem 1.2 (Trivializability, Cor. 4.12 and Prop. 8.5). Given a discrete vector bundle with
connection (E,∇) over a simply connected simplicial complex X, the following are equivalent: (i)
(E,∇) is trivializable; (ii) (E,∇) is flat; and (iii) F = 0.

The above follows from a result for connected but (possibly) not simply connected simplicial com-
plexes, namely that a flat discrete vector bundle with connection is determined by a homomorphism
out of its fundamental group, π1(X) → GLn.

In §5 we also describe conditions under which a bundle can be trivialized only partially, e.g.,
when it admits a trivializable subbundle. We phrase these results in terms of reduction of structure
group relative to a subgroup G < GLn. Reduction to {e} < GLn is equivalent to trivializability.

2. Background: Discrete exterior calculus and naturality

In this section we give a brief overview of DEC. The new contributions are the observation that
the core objects in DEC are natural, mimicking naturality of the de Rham complex in smooth
geometry, and an averaging interpretation of discrete wedge product. In the discrete setting,
smooth maps between smooth manifolds are replaced by abstract simplicial maps between simplicial
complexes. The resulting naturality is also a warm-up to the naturality exhibited by discrete vector
bundles in Theorem 1.1.

The input data for DEC is a simplicial complex X with additional decorations and properties.
The discrete notions of differential form, exterior derivative, and wedge product only depend on
the simplicial complex, importing standard methods from simplicial algebraic topology. When
incorporating features that depend on a metric (e.g., a discretization of the Hodge star operator)
essentially one requires that X approximates a manifold. This assumption is appropriate given
the desired applications: DEC has been used mostly as a method for solving partial differential
equations (PDEs) on simplicial approximations of embedded orientable manifolds.
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With the above in mind, below we will assume that X arises as an approximation of an em-
bedded manifold. In particular, each top dimensional simplex is embedded in R

N individually,
and combinatorial data specifies how these are glued to each other. This may be presented by
embedding the entire approximation of the manifold as a complex of dimension m embedded in R

N

for some N ≥ m. A common example is a piecewise-linear (PL) approximation of a surface in R
3.

But the coordinate-independent aspect of DEC does not require such a global embedding. All the
operations and objects are local to the simplices and their neighbors. In DEC, the top dimensional
simplices of the simplicial approximation of an orientable manifold are oriented consistently and
the lower dimensional simplices are oriented arbitrarily.

For simplicial complexes X and Y recall that an abstract simplicial map f : X → Y is of the
form f({v0, . . . , vk}) = {f (0)(v0), . . . , f

(0)(vk)} for some map f (0) : X(0) → Y (0) called the vertex
map of f . A vertex map is one that satisfies the property that {v0, . . . vk} spanning a simplex in
X implies {f(v0), . . . , f(vk)} spans one in Y . See for instance [8]. For us, abstract simplicial maps
will be analogous maps between ordered simplices. That is, the sets {v0, . . . , vk} (simplices) above
are replaced by ordered sets [v0, . . . , vk] (oriented simplices).

Given a differential form α ∈ Λk(M), its discrete analog in DEC is the k-cochain
∫

α which takes
values in R when evaluated on k-dimensional chains, that is, the result of a de Rham map [4]. The
space of real-valued k-cochains on simplicial complex X will be denoted Ck(X). The coboundary
operator on cochains plays the role of discrete exterior derivative (d), the cup product (⌣) plays
the role of tensor product and the antisymmetrized cup product plays the role of a discrete wedge
product (∧). Thus d satisfies a Leibniz rule with respect to ∧ since the coboundary operator does
so with respect to ⌣. Discrete Hodge star construction involves a Poincaré dual complex of X
using circumcenters and is not relevant to this paper.

Example 2.1. Let X be the oriented simplicial complex with a single edge [v0, v1] on which we will
evaluate some DEC expressions. First consider f, g ∈ C0(X) and α ∈ C1(X). If fi, gi denote the
values of f, g on vertex vi and 〈α, [01]〉 the evaluation of α on the edge [v0, v1]. Then the evaluation
of fα = f ∧ α on the edge [01] is

〈f ∧ α, [01]〉 =
1

2

[
〈f ⌣ α, [01]〉 − 〈f ⌣ α, [10]〉

]
=

1

2

[
f0 α01 − f1 α10

]
=

f0 + f1

2
α01 .

Since 1-cochains take values on edges and 0-cochains take values on vertices, for evaluating a wedge
product of the two, one has to make a decision about combining the edge data with its vertex data
and the wedge product definition in DEC results in the choice indicated by the averaging in the
example above. The fact that this averaging generalizes to all wedge products is new in this paper.
See Proposition 6.8. The interaction of this discrete wedge product with the discrete d is seen in
the simplest Leibniz rule d(fg) = (df)g + f(dg). Writing the wedge products explicitly, the LHS
evaluated on the edge is

〈d(f ∧ g), [01]〉 = f1 g1 − f0 g0 .

On the other hand

〈df ∧ g, [01]〉 =
1

2

[
〈df ⌣ g, [01]〉 − 〈df ⌣ g, [10]〉

]
=

1

2

[
〈df, [01]〉g1 − 〈df, [10]〉g0

]

=
1

2
(f1 − f0)g1 −

1

2
(f0 − f1)g0 =

1

2
(f1g1 − f0g1 − f0g0 + f1g0) ,

and

〈f ∧ dg, [01]〉 =
1

2

[
〈f ⌣ dg, [01]〉 − 〈f ⌣ dg, [10]〉

]
=

1

2

[
f0〈dg, [01]〉 − f1〈dg, [10]〉

]

=
1

2
f0(g1 − g0)−

1

2
f1(g0 − g1) =

1

2
(f0g1 − f0g0 − f1g0 + f1g1) .

Thus 〈df ∧ g+ f ∧ dg, [01]〉 is also f1g1 − f0g0. The factor 1/2 appearing in both the computations
above is a normalizing factor that is part of the definition of the discrete wedge product.
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The discrete d and ∧ commute with pullback by abstract simplicial maps. Thus such maps play
the role that smooth maps play in calculus on smooth manifolds.

3. Discrete Vector Bundles with Connection

Definition 3.1. Given a simplicial complex X, a real (respectively, complex ) discrete vector bundle
with connection over X consists of the following:

(1) for each vertex i ∈ X(0), a finite-dimensional real (respectively, complex) vector space Ei

called the fiber at i; and
(2) for each edge [ij] ∈ X(1), an invertible linear map Uji : Ei → Ej called parallel transport

from i to j.

We require the compatibility condition that Uij = U−1
ji .

Sometimes we will refer to a discrete vector bundle with connection over X simply as a vector
bundle over X. The rank of a vector bundle on a connected component of X is the (necessarily
constant) dimension of the fibers. Given a subcomplex Y ⊂ X, the restriction of a bundle is a
discrete vector bundle with connection gotten from the obvious restriction of the data (1) and (2)
above.

We note that one is always free to choose a basis for the vector space at each fiber, giving
isomorphisms Rn ∼= Ei or C

n ∼= Ei for each i. Borrowing terminology from the physics literature,
we refer choices of such isomorphisms as a choice of gauge. After a choice of gauge has been
made, the parallel transport maps are determined by matrices in GLn(R) for real vector bundles
or GLn(C) for complex vector bundles. Below we use the notation GLn to denote either GLn(R)
or GLn(C), i.e., for statements that hold over both R and C.

Remark 3.2. The notion of a discrete vector bundle without connection is not a particularly useful
one: dropping the parallel transport maps gives vector spaces Ei at each vertex that have no
geometric relationship with each other.

Definition 3.3. Given a discrete vector bundle with connection over X, a vector bundle valued
k-cochain α assigns to each k-simplex σ of X an element of El where l is a vertex in the simplex.
This vector in El will be denoted by 〈α, σ〉l. The vector space of k-cochains is denoted Ck(X;E).
A section s is a vector bundle valued 0-cochain, i.e., a vector si ∈ Ei for each vertex.

In DEC cochains are homomorphisms from chain groups to a group (usually reals for PDEs). In
what follows, all definitions and properties will be given as evaluation on a single simplex.

Notation 3.4. To simplify notation, we will often choose a total ordering on the vertices of X and
assume that the vertex l in Definition 3.3 is the lowest numbered vertex in σ. In such cases, or
when it is clear from the context, the superscript in 〈α, σ〉l will be dropped. If τ is a permutation
in Sk+1, σ = [v0, . . . , vk] then τ(σ) is the oriented simplex [vτ(0), . . . , vτ(k)]. In this case we define

〈α, τ(σ)〉l := sgn(τ)〈α, σ〉l where sgn(τ) is the sign of the permutation τ . The cochain value 〈α, σ〉l

when transported to a vertex i will be denoted 〈α, σ〉li, i.e., 〈α, σ〉
l
i := Uil〈α, σ〉

l. In what follows
we will often write i for vertex vi and dispense with the commas unless needed. Thus the oriented
simplex [v0, . . . , vk] may be written as [0 ... k], an edge [vi, vj ] may be written as [ij] etc. In examples,

the value 〈α, [v0, . . . , vk]〉
l of a cochain may be shortened to α0 ... k when l is clear from the context

or is not important.

Remark 3.5. We describe how to discretize smooth objects to extract vector bundle valued k-
cochains. Let E → M be a smooth vector bundle over a smooth manifold M with a chosen oriented
triangulation. We discretize a smooth vector bundle valued differential k-form α̂ ∈ Λk(M ;E) as
follows. For each k-simplex R

k ⊇ σ →֒ M , choose a vertex l ∈ σ, and an orientation of the
vector space El (which is canonical if the vector bundle E → M is oriented). There is a linear
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contracting homotopy from σ to l that gives an isomorphism of vector bundles E|σ ≃ σ × El

over σ. This isomorphism identifies the restriction α̂|σ with a vector space valued differential form
α̂|σ ∈ Λk(σ;El), for which the integral

∫
σ
α̂ is well-defined. Define the k-cochain α ∈ Ck(X;E) by

the formula 〈α, σ〉l :=
∫
σ
α̂ ∈ El. The cochain α ∈ Ck(X;E) is the discretization of the α̂ relative

to the chosen discretization vertices l ∈ σ for each σ →֒ M . We note that the discretization of a
section α̂ ∈ Λ0(M ;E) = Γ(E) is canonical, but for k > 0 the discretization may depend on the
choice of vertices. Indeed, there is no assumption made about the relationship between 〈α, σ〉l and
〈α, σ〉j for l 6= j.

Remark 3.6. The discretization notation 〈α, σ〉l conveys information about the simplex σ where the
cochain α is being evaluated and also the vertex l that played a role in the discretization as described
in Remark 3.5. The discretization vertex information does not apply to cochains constructed from
other cochains. For example, when we define the discrete exterior covariant derivative d∇α of a
cochain α and the wedge product α ∧ w of cochains, the evaluation of the resulting constructed
cochains d∇α and α ∧ w on a simplex will be indicated as 〈d∇α, ·〉i and 〈α ∧ w, ·〉i where i is the
vertex to which the result is transported or where it is constructed. But no vertex can appear in
the superscript since such cochains are built from cochains that have already been discretized.

Definition 3.7. The covariant derivative (or connection) is a map ∇ : C0(X;E) → C1(X;E)
which to a section s assigns the vector-valued 1-cochain defined by its value on edges [ij] by

〈∇s, [ij]〉i := Uijsj − si .(6)

The defining feature of the covariant derivative in smooth geometry is a Leibniz rule with respect
to multiplying a section of a bundle by a function on the base. This is proved in Proposition 7.2
after we have introduced a discrete wedge product and therefore justifies our terminology in the
above definition.

Remark 3.8. The covariant derivative completely determines the data (2) in Definition 3.1. As
such, (following the convention in differential geometry) we use the notation (E,∇) to refer to a
discrete vector bundle with connection over a simplicial complex X.

Definition 3.9. Let f : X → X ′ be an abstract simplicial map, (E,∇) a discrete vetor bundle
with connection over X, and (E′,∇′) be a discrete vector bundle with connection over X ′. A map

of discrete vector bundles covering f , denoted f̃ : (E,∇) → (E′,∇′), is a collection of linear maps

f̃l : El → E′
f(l), one for each l ∈ X(0) so that the following diagram commutes

Ei E′
f(i)

Ej E′
f(j)

f̃i

Uji Uf(j)f(i)

f̃j

whenever there is an edge from vertex i to j. In particular, if an edge [ij] in X is sent to a vertex
in X ′ under f (so f(i) = f(j)), we assign Uf(j),f(i) = IdEf(i)

to be the identity map.
A map of discrete vector bundles with connection is an isomorphism if the simplicial map f : X →

X ′ is an isomorphism and f̃i : Ei → E′
f(i) is an isomorphism for all i ∈ X(0). An isomorphism of

(E,∇) covering the identity map on X is called an automorphism of (E,∇). If a choice of gauge
has been fixed, then an automorphism is also called a gauge transformation.

We note that a gauge transformation is specified by the data of an element of GLn at each vertex.

Example 3.10. We explain how gauge transformations act on parallel transport matrices by way
of an example. Consider the 1-dimensional simplicial complex X with three vertices X(0) = {0, 1, 2}

and three edges X(1) = {[01], [12], [02]}, i.e., a triangle. A discrete vector bundle with connection
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on X is the data of three vector spaces Ei, i = 0, 1, 2 and three linear maps Uji : Ei → Ej. A choice
of basis for each Ei identifies Uji with a matrix, and we use the same notation Uji ∈ GLn to denote
the matrix. A gauge transformation is the data of three matrices gi ∈ GLn, i = 0, 1, 2. The action
on the parallel transport matrices is

Uji 7→ gjUjig
−1
i .(7)

The formula (7) for the action of gauge transformations on parallel transport matrices applies
to general discrete vector bundles with connection over an arbitrary simplicial complex X, where
gi ∈ GLn is the data of the gauge transformation at each vertex of X, and Uji is the parallel
transport matrix on an edge [ij] in X.

We now describe a couple of basic operations on discrete vector bundles with connection imported
from the smooth theory.

Definition 3.11. Given two discrete vector bundles with connection (E,∇) and (E′,∇′) over a
simplicial complex X, their Whitney sum denoted (E,∇) ⊕ (E′,∇′) or (E ⊕ E′,∇ ⊕ ∇′) is the
discrete vector bundle with connection whose fibers are Ei⊕E′

i and whose parallel transport maps
assign to the edge [ij] the linear map Uji ⊕ U ′

ji : Ei ⊕ E′
i → Ej ⊕ E′

j.

Definition 3.12. Let (E,∇) be a vector bundle with connection on a simplicial complex Y and
f : X → Y an abstract simplicial map. We define the pullback bundle f∗(E,∇) = (f∗E, f∗∇) as the

following discrete vector bundle with connection over X. The fiber of f∗E at each vertex i ∈ X(0)

is the vector space Ef(i) and the connection f∗∇ is defined by assigning to each edge [ij] ∈ X(1)

the parallel transport map:

Uji =

{
Uf(j),f(i) if [f(i), f(j)] ∈ Y (1)

IdEf(i)
= IdEf(j)

otherwise.

There is an evident map f̃ : (f∗E, f∗∇) → (E,∇) covering f : X → Y defined fiberwise by f̃i =

f̃ |Ei
: (f∗E)i → Ef(i) as the identity map.

Example 3.13. Let X be the triangle 1-dimensional complex of the boundary of a triangle
[u0, u1, u2] and Y a 1-dimensional complex consisting of just the edge [v0, v1] with parallel transport
maps U10. If f : X → Y is the abstract simplicial map defined by u0 7→ v0, u1 7→ v1 and u2 7→ v0
then the parallel transport maps of the pullback bundle are U10, IdE0 and U01 = U−1

10 for the edges
[u0, u1], [u0, u2] and [u1, u2], respectively. The last one is U01 since the edge [u1, u2] is oriented from
u1 to u2 and maps to the edge [v1, v0].

The following result verifies that the pullback in discrete vector bundles satisfies the analogous
universal property to the pullback of vector bundles over smooth manifolds.

Proposition 3.14. Suppose that (E′,∇′) → (E,∇) is a map of discrete vector bundles covering
map f : X ′ → X of simplicial complexes. Then there is a unique map (E′,∇′) → (f∗E, f∗∇) of
discrete vector bundles with connection over X ′ (i.e., over identity map of X ′).

The proof is straightforward and left to the reader.
From standard categorical arguments, the above universal property uniquely characterizes the

pullback f∗(E,∇) up to unique isomorphism. This allows one to verify many of the standard
properties of pullbacks using the same arguments as for vector bundles on smooth manifolds. For
example, for maps f : X → Y , g : Y → Z of simplicial complexes and (E,∇) a discrete vector
bundle with connection on Z, there is a unique isomorphism between the discrete vector bundles
with connection f∗g∗(E,∇) and (g ◦ f)∗(E,∇) over X.

We define pullbacks of E-valued cochains as follows.



8 DANIEL BERWICK-EVANS, ANIL N. HIRANI, AND MARK D. SCHUBEL

Definition 3.15. Given α ∈ Ck(Y ;E), an abstract simplicial map f : X → Y and a k-simplex
[u0 ... uk] in X, the pullback of α, denoted f∗α, is the f∗E-valued cochain defined by:

〈f∗α, [u0 ... uk]〉u0
:=

{
〈α, f([u0 ... uk])〉f(u0) if f([u0 ... uk]) is a k-simplex in Y ,

0 otherwise.

Example 3.16. LetX be the three-dimensional abstract simplicial complex with vertices, u0, . . . u3
(tetrahedron) and Y the two-dimensional complex with vertices v0, v1, v2 (triangle), and (E,∇) a
discrete vector bundle with connection on Y . Assume that all the simplices are oriented by increas-
ing vertex index numbers. For example, [u0, u2, u3] is the positive orientation for that triangle, etc.
Let f : X → Y be the abstract simplicial map with the vertex map ui 7→ vi for i = 0, 1, 2 and
u3 7→ v0. Thus [u0, u3] 7→ v0, [u1, u3] 7→ [v1, v0], [u2, u3] 7→ [v2, v0], [u0, u1, u2] 7→ [v0, v1, v2]. The
pullback bundle f∗E on X has fiber E0 at vertices u0 and u3 and fibers E1 and E2 at u1 and u2,
respectively.

Let α ∈ C1(Y ;E). We compute its pullback to the 1-cochain f∗α on X. For the edges of
the triangle [u0, u1, u2], 〈f∗α, [u0, u1]〉u0 = 〈α, f([u0, u1])〉f(u0) = 〈α, [v0, v1]〉v0 and similarly for
[u0, u2] and [u1, u2]. Since the tetrahedron edge [u0, u3] collapses to the vertex v0 the pullback to
this edge is 0 for dimensional reason, i.e., 〈f∗α, [u0, u3]〉 = 〈α, f([u0, u3])〉u0 = 〈α, [v0]〉v0 = 0. The
evaluation of the pullback to the remaining two edges [u1, u3] and [u2, u3] will involve a sign change.
Specifically 〈f∗α, [u1, u3]〉u1 = 〈α, f([u1, u3])〉f(u1) = 〈α, [v1, v0]〉v1 = −〈α, [v0, v1]〉v1 . Similarly
〈f∗α, [u2, u3]〉u2 = −〈α, [v0, v2]〉v2 since the edge [u2, u3] of the tetrahedron X maps to the edge
[v2, v0] of the triangle Y .

4. Flat vector bundles and trivializability

Suppose we are given a discrete vector bundle with a choice of gauge, i.e., each fiber is equipped
with a choice of basis determining an isomorphism Ei

∼= R
n or C

n. Changing the basis has the
effect of conjugating the parallel transport matrices as in (7). In good cases, there are choices of
basis in which these parallel transport matrices can be simplified. Most optimistically, one might
ask to transform the parallel transport matrices into identity matrices. This is formalized in the
notion of a trivialization of a discrete vector bundle with connection, defined as follows.

Definition 4.1. The rank n trivial real (respectively, complex) discrete vector bundle with connec-
tion over X has fiber Rn (respectively, Cn) at each vertex, and the identity IdRn (respectively IdCn)
parallel transport maps on each edge of X. We use the notation R

n (respectively, Cn) to denote
the trivial discrete vector bundle with connection. A bundle (E,∇) over X is trivializable if it is
isomorphic to the trivial bundle. A choice of isomorphism with the trivial bundle is a trivialization.
Equivalently, a bundle (E,∇) is trivializable if there is a choice of basis for each fiber Ei

∼= R
n (or

Ei
∼= C

n) such that every parallel transport map is the identity matrix.

Remark 4.2. Following Remark 3.2, we will not consider trivializations of discrete vector bundles
without connection. Hence, we are interested in discrete analogs of geometric obstructions to
trivializability in smooth geometry (namely, curvature) rather than topological ones (e.g., Chern
classes).

As recalled in the introduction, curvature of a vector bundle with connection on a smooth
manifold can be understood in terms of parallel transport along infinitesimal loops. With this in
mind, obstructions to the existence of a trivialization of a discrete vector bundle with connection
will be constructed out of parallel transport along loops and paths in the underlying simplicial
complex. We therefore start with the following definitions of paths and loops borrowed from graph
theory.
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Definition 4.3. A path γ in a simplicial complex X is a sequence of vertices v0, . . . , vk such that
[vi, vi+1] is an edge in X, for i = 0, . . . , k − 1. The edges [vi, vi+1] are then called edges of γ. A
loop is a path such that v0 = vk. The base point of a loop is the vertex v0.

Note that vertices and edges of a path may be repeated. That is, a path may self-intersect at
vertices and edges.

Definition 4.4. Given a discrete vector bundle with connection (E,∇), the parallel transport along
a path γ is the composition of the parallel transport maps (adjusted according to edge orientations)
encountered along the edges of γ in the order they appear. The holonomy hol(γ) of a loop γ is the
parallel transport along the loop considered as a path from v0 to itself.

The following definition is adapted from simple homotopy theory [3].

Definition 4.5. An elementary simple homotopy of a path v0, . . . , v
′
i, vi, v

′′
i , . . . , vk in a simplicial

complex X is a path v0, . . . , v
′
i, v

′′
i , . . . , vk where the vertices vi, v

′
i, v

′′
i determine a 2-simplex in X.

Two paths are simply homotopic if one can be obtained from the other by a finite sequence of
elementary simply homotopies that leave the endpoints fixed.

Definition 4.6. A vector bundle with connection is flat (or the connection is flat) if the parallel
transport between any two points only depends on the simple homotopy class of the path connecting
the two points.

Later we shall give an equivalent characterization in terms of vanishing curvature, see Proposi-
tion 8.5. The flatness property defined above is straightforward to check for a given discrete vector
bundle with connection using the following result.

Lemma 4.7. A connection is flat if and only if holonomy around every 2-simplex is the identity.

Proof. If the holonomy around every 2-simplex is the identity, then parallel transport is invari-
ant under elementary simple homotopies. Hence, parallel transport only depends on the simple
homotopy class of the path. The converse is obvious. �

For the remainder of this section we will assume that X is connected; this implies the existence
of a spanning tree in the 1-skeleton X(1) of X.

Lemma 4.8. Given a vector bundle (E,∇) over a connected simplicial complex X, its restriction

over any spanning tree of X(1) is trivializable.

Proof. Fix a spanning tree T of X(1). Choose a basis for the fiber E0 at the root 0 of T . Then
for every other vertex i of X take the unique basis of Ei determined by the parallel transport of
the basis of E0 to Ei. The uniqueness of this parallel transport map follows from the uniqueness
of paths between vertices of a tree. The resulting bases provide isomorphisms from Ei to R

n for
each k. Furthermore, the parallel transport matrices in this choice of gauge are identity matrices
by construction. �

Definition 4.9. The fundamental group π1(X, 0) of a simplicial complex X with respect to a base
vertex 0 is the set of loops in X based at 0 modulo the equivalence relation of simply homotopy.
This set is endowed with a group structure inherited from concatenation of loops.

Given a flat discrete vector bundle with connection (E,∇) over a connected simplicial complex X

with a chosen basepoint 0, consider the map of sets

ρ : π1(X, 0) → GL(E0) [γ] 7→ hol(γ).(8)

Lemma 4.10. The map (8) is a homomorphism of groups. For basepoints 0 and 0′, we obtain
homomorphisms ρ : π1(X, 0) → GL(E0) and ρ′ : π1(X, 0′) → GL(E0′) that are compatible via iso-
morphisms π1(X, 0) → π1(X, 0′) and GL(E0) → GL(E0′) uniquely specified by a homotopy class of
path joining 0 and 0′.
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Proof. First we observe that the map is well-defined because the discrete vector bundle with con-
nection is assumed to be flat. Next, we recall that the group structure on π1(X, 0) comes from
concatenation of loops, (γ, γ′) 7→ γ ∗ γ′. From the definition of holonomy as a composition of par-
allel transport matrices, it is immediate that hol(γ ∗ γ′) = hol(γ) ◦ hol(γ′) and the first statement
follows. If 0 and 0′ are different choices of basepoint a choice of path from 0 to 0′ determines a
change-of-basepoint isomorphism π1(X, 0) → π1(X, 0′) gotten by pre- and post-composing a loop
based at 0 with the path from 0 to 0′. By construction, this isomorphism only depends on the
homotopy class of the path. Parallel transport along the path from 0 to 0′ gives an isomorphism
GL(E0) → GL(E0′). Flatness of the connection guarantees that this isomorphism only depends on
the homotopy class of the path. �

We have the following trivializability result.

Proposition 4.11. A discrete vector bundle with connection (E,∇) over a connected simplicial
complex X is trivializable if and only if (i) (E,∇) is flat, and (ii) the homomorphism (8) is trivial
for one (and hence any) choice of basepoint.

Proof. For ease of notation, we treat the case of a real vector bundle; the complex case is identi-
cal. Suppose (E,∇) is trivializable. Choose a trivialization whose data are specified by isomor-
phisms ϕi : Ei → R

n for each vertex. Then relative to these choices of basis, the parallel transport
matrices are identity matrices. Then it is clear that the holonomy around any loop γ (not just
homotopically trivial one) is the identity map for any choice of basepoint. This proves the forward
implication. Conversely, suppose conditions (i) and (ii) are satisfied. Then choose a spanning tree
T of X(1) rooted at vertex 0 and trivialize according to Lemma 4.8. Note that this trivialization
fixes an isomorphism ϕi : Ei → R

n and hence a basis of Ei for each vertex i. Now let e be an edge
not in T and γ be a loop containing e such that every other edge in γ is in T . Since the parallel
transport matrices on T are identities and (8) is assumed to be the trivial homomorphism, Ue is
also the identity matrix. This completes the proof. �

A connected simplicial complex X is simply connected if π1(X, 0) = {e}. The following corol-
lary to Proposition 4.11 shows that flatness completely determines trivializability in the simply
connected case.

Corollary 4.12. Given a discrete vector bundle with connection (E,∇) over a simply connected
simplicial complex X, then (E,∇) is trivializable if and only if (E,∇) is flat.

5. Reduction of structure group and trivial subbundles

The following definition will allow us to consider intermediate versions of trivializability of a
discrete vector bundle with connection.

Definition 5.1. Let G be a subgroup of GLn(R) (respectively, GLn(C)). A real discrete vector
bundle with connection (E,∇) has structure group G if the fibers Ei of E are all the vector space
R
n (respectively C

n) and the parallel transport matrices are elements of G. A discrete vector with
connection has reduction to structure group G if it is isomorphic to a discrete vector bundle with
structure group G.

Example 5.2. For a discrete vector bundle with connection (E,∇), reduction of structure group
to the trivial group {e} < GLn is equivalent to a choice of trivialization.

Example 5.3. Recall Definition 3.11 of the Whitney sum of discrete vector bundles with connec-
tion. Given a rank n discrete vector bundle with connection, there exists a rank k discrete vector
bundle with connection (E′,∇′), a rank (n−k) discrete vector bundle with connection (E′′,∇′′) and



DISCRETE VECTOR BUNDLES WITH CONNECTION AND THE BIANCHI IDENTITY 11

an isomorphism (E,∇) ∼= (E′,∇′) ⊕ (E′′,∇′′) if any only if there is a reduction to block diagonal
structure group,

(9) G :=

{[
A 0
0 B

]
∈ GLn | A ∈ GLk, B ∈ GLn−k

}
.

Example 5.4. Suppose that the fibers of a discrete vector bundle with connection are equipped
with the structure of inner product spaces. Then parallel transport maps preserve the inner prod-
ucts if and only if there exists a reduction of structure group to O(n) < GLn(R). Similarly remarks
apply in the complex case for Hermitian forms and reduction to the unitary group, U(n) < GLn(C).

The above example prompts the following definition; we will return to this in more detail at the
end of §7.

Definition 5.5. Let (E,∇) be a discrete vector bundle with connection. A metric on E is the
structure of an inner product space on each vector space Ei. The connection ∇ is metric compatible
if the parallel transport matrices Uji are inner product preserving linear maps for every edge [ij].
Equivalently, a connection is metric compatible if it has structure group O(n) < GLn(R), the
orthogonal group.

Special cases of reduction of structure group recover classical problems in linear algebra.

Example 5.6. Consider the discrete vector bundle with connection from Example 3.10 with parallel
transport matrices A = U10 and identity matrices I = U21 = U20 for the other edges. Gauge
transformations gi = P that are equal at all vertices then have the effect

U10 = A 7→ P−1AP, U21 = U20 = I 7→ PIP−1 = I.

Hence in this example, questions about the reduction of structure group amount to similarity
transformations for the matrix A. Explicitly, for a subgroup G < GLn, we ask whether there exists
B ∈ G and P ∈ GLn with P−1AP = B.

Definition 5.7. Given a discrete vector bundle with connection (E,∇) over a simplicial complex
X a subbundle is a discrete vector bundle with connection (E′,∇′) over X and a map of discrete
vector bundles (E′,∇′) → (E,∇) over IdX whose maps on fibers are inclusion of subspaces E′

i ⊂ Ei

for each vertex i ∈ X(0). We use the notation (E′,∇′) ⊂ (E,∇) to denote a subbundle.

Note that the definition of a map of discrete vector bundles with connection requires the parallel
transport matrices for a subbundle to satisfy Uji|E′

i
⊆ E′

j ⊂ Ej for all edges [ij] ∈ X(1).

Definition 5.8. Arank k trivial subbundle of a discrete vector bundle with connection is a subbun-
dle (E′,∇′) ⊂ (E,∇) and an isomorphism from (E′,∇′) to R

k, the trivial rank k discrete vector
bundle with connection (or Ck in the complex case).

An intermediate question to trivializability of a discrete vector bundle with connection is the
following. Given a discrete vector bundle with connection (E,∇) what is the largest k for (E,∇)
has a rank k trivial subbundle?

Proposition 5.9. A discrete vector bundle with connection (E,∇) has a rank k trivial subbundle
if and only if it admits a reduction of structure group to the subgroup of block upper-triangular
matrices of the form

(10) G :=

{[
Idk ∗
0 A

]
∈ GLn | A ∈ GLn−k

}

where ∗ is an arbitrary k × (n− k) matrix.
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Proof. If the reduction of structure group exists, then the block upper-triangular form of G yields
an evident rank k trivial subbundle given by the inclusions R

k ⊂ R
n. Conversely, suppose that

(E,∇) has a rank k trivial subbundle. This gives the data of an injection R
k →֒ Ei for each fiber

Ei, where the first k basis vectors are the previously chosen basis for the image of Rk →֒ Ei. Extend
the image of the basis vector of Rk in Ei to a basis of Ei for each i. In this choice of gauge, the
parallel transport matrices then take the form (10). �

Definition 5.10. A section s of a discrete vector bundle with connection is parallel if ∇s = 0.
A set of parallel sections {s1, s2, . . . , sk} is linearly independent if the restriction to each fiber Ev

gives a linearly independent set {s1v, s
2
v, . . . , s

k
v}.

Corollary 5.11. A discrete vector bundle with connection (E,∇) admits a rank k trivial subbundle
if and only if there exists a set of k linearly independent parallel sections.

Proof. Extend the linearly independent set {s1v, s
2
v, . . . , s

k
v} at each Ev to a basis. In this choice of

gauge, parallel transport matrices take the form (10) and the result follows. �

6. Wedge Product and Naturality

We define a combinatorial wedge product between vector bundle valued and scalar valued
cochains by anti-symmetrizing the cup product, as was done for scalar valued cochains in DEC [5].
Thus the cup product plays a role that tensor product plays in exterior calculus on smooth man-
ifolds. The additional ingredient that is needed for vector bundle valued cochains is that the
summation for all the terms in the anti-symmetrization has to be carried out at a common vertex
after parallel transporting. We show that this combinatorial wedge product is natural with respect
to pullbacks under simplicial maps of the base simplicial complex. The anti-commutativity result
follows from the corresponding cup product result.

A new result here is an interpretation of the combinatorial wedge product as an averaging. This
is Proposition 6.8 below and illustrative examples are Examples 6.3 and 6.5. This suggests that in
the absence of metric structure, discrete calculus theories such as DEC and the discrete differential
geometry built here have a very simple underlying structure consisting of taking differences (for
exterior derivative) and taking averages and products (for wedge product).

In § 7 we define a discrete exterior covariant derivative d∇ and show that the discrete wedge
product satisfies the Leibniz rule with respect to d∇.

Definition 6.1. Given a vector bundle valued cochain α ∈ Ck(X,E) and scalar-valued cochain
w ∈ C l(X) their wedge product α∧w is defined by its evaluation on a (k+ l)-simplex at a specified
vertex (taken to be vertex 0 below):

(11) 〈α ∧ w, [0 ... k + l]〉0 =
1

k + l + 1!

∑

τ∈Sk+l+1

sgn(τ)〈α ⌣ w, [τ(0) ... τ(k + l)]〉0

Remark 6.2. In (1) we wrote the action of Λ•(M) on Λ•(M ;E) through linear maps Λk(M) ×
Λl(M ;E) → Λk+l(M ;E), (w,α) 7→ w ∧ α. Due to a choice made early in our work we have
discretized α∧w. The definition of w∧α is the same as above but with α ⌣ w replaced by w ⌣ α.

The notation used in Definition 6.1 conveniently hides the use of parallel transport matrices that
are needed to ensure that vectors to be added are all first transported to a common vertex. The
example below makes the transport explicit and opens the way to the averaging interpretation of
Proposition 6.8.



DISCRETE VECTOR BUNDLES WITH CONNECTION AND THE BIANCHI IDENTITY 13

Example 6.3. Let α ∈ C1(X;E) and w ∈ C1(X) and σ the oriented triangle [012]. Assume that
α is discretized at vertex 0 in the sense of Remark 3.5 and 3.6. Then

(12) 〈α ∧w, [012]〉0 =
1

6

[
〈α ⌣ w, [012]〉0 − 〈α ⌣ w, [021]〉0 − 〈α ⌣ w, [102]〉0

+ 〈α ⌣ w, [120]〉0 + 〈α ⌣ w, [201]〉0 − 〈α ⌣ w, [210]〉0

]
.

Some of the terms on the right hand side require a parallel transport to vertex 0. This is needed
for 〈α ⌣ w, [120]〉0 and 〈α ⌣ w, [210]〉0 which involve vectors in E1. Thus U01 has to be used to
move these to E0 before the final assembly.

Using the shorthand notation αij for 〈α, [ij]〉 and wjk for 〈w, [jk]〉, terms like 〈α ⌣ w, [ijk]〉
above can be written as αijwjk with an appropriate sign depending on the sign of the permutation
corresponding to the ordering i, j, k of vertices. Then (12) is

〈α ∧ w, [012]〉0 =
1

6

[
α01w12 − α02w21 − α10w02 + U01α12w20 + α20w01 − U01α21w10

]
.

The terms can be collected by vertices and the signs adjusted to yield

〈α ∧ w, [012]〉0 =
1

6

[
(α01w02 − α02w01) + (α01w12 − U01α12w01) + (α02w12 − U01α12w02)

]
,

where the terms on the RHS can be interpreted as alternating products at the three vertices.
However, another interpretation of the discrete wedge product is obtained by collecting the terms
by edges. This yields

(13) 〈α ∧ w, [012]〉0 =
1

3

[
α01

(w02 + w12)

2
+ U01α12

(w10 + w20)

2
+ α20

(w01 + w21)

2

]
.

In this interpretation, to compute the wedge product of two 1-cochains α and w on a triangle, one
goes around the triangle multiplying the value of α on an edge by the average value of w on the
two edges incident on that first edge. This is done for all 3 edges and the final result is the average
of these products. Alternatively one can reverse the roles of α and w (in terms of inner averaging
and outer averaging) and then

(14) 〈α ∧ w, [012]〉0 =
1

3

[
(α20 + U01α21)

2
w01 +

(α01 + α02)

2
w12 +

(α10 + U01α12)

2
w20

]
.

Note that a particular choice of orientation of chains is required for each evaluation of a cochain
to reveal this averaging interpretation. For example, w02 is used in the first term in (13) while
w20 is used in the second term and α20 rather than α02 is used in the third term. Informally, in
this case one goes around the triangle in the direction it is oriented (counter clockwise in this case)
taking values of α on each edge and the values of w being used are taken on the two remaining
edges pointing away. For (14) one takes the values with edges pointing towards. In general one can
show that such choices permitting an averaging interpretation always exist. See Proposition 6.8,
which also encodes an algorithm for making the orientation choices that reveal the averaging in the
general case.

Example 6.4. Other low dimensional examples show the simplicity of the averaging interpretation:

〈α ∧w, [01]〉0 = α01
w0 + w1

2
, for α ∈ C1(X;E), w ∈ C0(X)

〈α ∧ w, [012]〉0 =

(
α0 + U01α1 + U02α2

3

)
w012, for α ∈ C0(X;E), w ∈ C2(X)

To build intuition for the averaging interpretation in general in Proposition 6.8 consider the
following example.
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Example 6.5. Let α ∈ C2(X;E) and w ∈ C1(X). The averaging interpretation will yield an
average over 4 terms, one for each triangle of the tetrahedron. Each term will be a product of the
value of α on a triangle multiplied by the average of the 3 values of w corresponding to the other
3 edges of the tetrahedron touching the triangles at the vertices of the triangle. That is,

(15) 〈α ∧w, [0123]〉0 =
1

4

[
α012

(
w03 + w13 + w23

3

)
+ α031

(
w02 + w12 + w32

3

)

+ α023

(
w01 + w21 + w31

3

)
+ U01α132

(
w10 + w20 + w30

3

)]

The roles of α and w in inner and outer averaging could have been reversed as in (14) as compared
with (13). Notice again that particular choices of orientations have been used in order to achieve
the averaging interpretation in (15). All triangle terms are on triangles taken counter-clockwise
viewed from outside the tetrahedron and all edge terms are on edges going away from the triangle.
To see what becomes of the factor 1/24 = 1/(2+1+1)! in Definition 6.1, after collecting the terms
by vertices the terms can be arranged as

1

24

[
2(α012w03 − α013w02 + α023w01) + 2(α012w13 − α013w12 + U01α123w01)+

2(α012w23 − α023w12 + U01α123w02) + 2(α013w23 − α023w13 + U01α123w03)
]
.

Thus the factor outside becomes 1/12 which finally appears in equation (15) as (1/4)(1/3) with
(1/4) for the outer averaging over the 4 triangles of the tetrahedron and (1/3) for the inner averaging
over the 3 other edges touching each triangle.

To prove the averaging interpretation of discrete wedge product we need the following lemma.
Let k, l ∈ Z≥0 and σ = {0, 1, . . . , k+ l} and let Sk+l+1 be the group of permutations of the elements
of σ. Let i : Sk →֒ Sk+l+1 and j : Sl →֒ Sk+l+1 be inclusions so that elements of i(Sk) and j(Sl)
act on the first k and last l positions of the input, respectively. For any F ⊂ σ with k elements,
v ∈ σ \ F and G = σ \ (F ∪ {v}) define the set of permutations

P (F, v,G) := {ρ | ρ ∈ Sk+l+1, ρ(0), . . . , ρ(k − 1) ∈ F, ρ(k) = v, ρ(k + 1), . . . , ρ(k + l) ∈ G} .

We will denote by (f, v, g) an ordering of the elements of σ such that as sets, f = F and g = G.
By definition of P (F, v,G) each such ordering corresponds uniquely to a permutation in P (F, v,G).
We will write action of a permutation ρ ∈ Sk+l+1 on an ordering (f, v, g) as (ρ(f), v, ρ(g)) and the
action of τk ◦ τl for τk ∈ i(Sk) and τl ∈ j(Sl) as (τk(f), v, τl(g)).

Lemma 6.6. Let F, v,G be as above and (f0, v, g0) an ordering corresponding to a particular
chosen permutation τ ∈ P (F, v,G). Then for all (f, v, g) orderings corresponding to permutations
in P (F, v,G) there exist τk ∈ i(Sk) and τl ∈ j(Sl) depending on (f, v, g) such that

(i) (τk(f), v, τl(g)) = (f0, v, g0); and
(ii) sgn(τk) sgn(τl) = sgn(τ).

Proof. Let η ∈ Sk+l+1 such that (η(f0), v, η(g0)) = (0, . . . , k + l). Then τ = η−1 τl τk η. Also, since
the sign homomorphisms from Sk, Sl, Sk+l+1 to Z2 are compatible with the inclusions i and j we
have that sgn(τ) = sgn(η−1 τk τl η) = sgn(τk) sgn(τl). �

Notation 6.7. In the following we use the notation fk ≺ σ to denote a k-face f of simplex σ,
ignoring orientations. That is, fk is just a subset of size k + 1 of the vertices of σ. Sometimes we
skip the superscript. For σ an oriented simplex and f an oriented face or a set of vertices, the face
σ \ f is an oriented face of σ formed by deleting the vertices in face f from the vertices of σ. For
g an oriented simplex and vertex v, v ∗ g is an oriented simplex formed by union of {v} with the
vertex set of g. As before, whenever a simplex is used in an evaluation of a cochain, for example f
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in 〈α, f〉 it is assumed to be oriented. The specific orientation being used is not apparent in this
notation.

Proposition 6.8 (Averaging interpretation of wedge product). Let α ∈ Ck(X;E), w ∈ C l(X) and
σ be a (k + l)-simplex in X. Then the discrete wedge product of Definition 6.1 is

〈α ∧ w, σ〉0 =
1(

k+l+1
k+1

)
∑

fk≺σ

〈α, f〉0

(
1

k + 1

∑

v0≺f

〈w, v ∗ (σ \ f)〉

)
(16)

=
1(

k+l+1
l+1

)
∑

f l≺σ

(
1

l + 1

∑

v0≺f

〈α, v ∗ (σ \ f)〉0

)
〈w, f〉 ,(17)

where the orientations of f and v ∗ (σ \ f) are such that the ordering (f \ {v}, v, σ \ f) corresponds
to an even permutation in Sk+l+1.

Proof. We prove the first equality. The proof for the second is similar. The RHS of (11) can be
written as a double sum, first summing over all vertices and for a fixed vertex summing over all
the (k − 1)-faces of σ not containing that vertex to get

〈α ∧ w, σ〉0 =
1

k + l + 1!

∑

v0≺σ

∑

gk−1≺(σ\{v})

k! 〈α, v ∗ g〉0 l! 〈w, σ \ g〉 .

The orientations of the simplices v ∗ g and σ \ g in the cochain evaluations above are such that the
ordering (g, v, σ \ (g ∪{v})) corresponds to an even permutation in P (g, v, σ \ (g ∪ {v})). (We have
used g etc. to represent both an ordering of vertices and the corresponding set.) The fact that the
orderings of σ corresponding to all the permutations in P (g, v, σ \ (g ∪ {v})) can be reordered to
the ordering (g, v, σ \ (g ∪ {v})) follows from Lemma 6.6. The k! l! factorial follows from the fact
that there are k! orderings for gk−1 ≺ (σ \ {v}) once a g is fixed and after in addition fixing a v

there are l! orderings for the remaining vertices. The above can be rewritten as

1

k + 1

1(
k+l+1
k+1

)
∑

v0≺σ

∑

v0∗gk−1≺σ

〈α, v ∗ g〉0 〈w, v ∗ (σ \ (v ∗ g))〉 .

Renaming v ∗ g =: f we can rewrite this as

1

k + 1

1(
k+l+1
k+1

)
∑

v0≺σ

∑

fk≺σ

〈α, f〉0 〈w, v ∗ (σ \ f)〉 ,

where it is understood that f is a k-face of σ that must contain the vertex v. This can be expressed
equivalently by using Lemma 6.6 once for every choice of v and switching the summation and
moving the normalizing factors as

1(
k+l+1
k+1

)
∑

fk≺σ

〈α, f〉0

(
1

k + 1

∑

v0≺f

〈w, v ∗ (σ \ f)〉

)
,

where now the vertex summation is over all vertices v in f .
It is crucial to note here that the only reason that we have been able to collect all the w evaluations

with a single α evaluation is because the Lemma 6.6 can be used once for every choice of v once
the face f and its orientation have been fixed. �

Proposition 6.9 (Naturality of wedge product). Let X,Y be simplicial complexes, (E,∇) a discrete
vector bundle with connection over Y and f : X → Y an abstract simplicial map. Then for any
α ∈ Ck(Y ;E) and w ∈ C l(Y ) and simplex [u0 ... uk+l] in Y

(18) 〈f∗(α ∧ w), [u0 ... uk+l]〉u0 = 〈f∗α ∧ f∗w, [u0 ... uk+l]〉u0
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Proof. For cup product this naturality property follows from the definitions since

〈f∗(α ⌣ w), [u0 ... uk+l]〉u0 = 〈α ⌣ w, f([u0 ... uk+l])〉f(u0) = 〈α ⌣ w, [f(u0) ... f(uk+l)]〉f(u0)

= 〈α, [f(u0) ... f(uk)]〉f(u0) 〈w, [f(uk) ... f(uk+l)]〉

= 〈f∗α, [u0 ... uk]〉u0〈f
∗w, [uk ... uk+l]〉

= 〈f∗α ⌣ f∗w, [u0 ... uk+l]〉u0 .

For dimensional reasons, both sides are 0 if the vertex map of f is not a bijection. For the
wedge product, the terms in the expansion of 〈α ∧ w, [f(u0) ... f(uk+l)]〉f(u0) are terms of the form
〈α ⌣ w, [f(uτ(0)) ... f(uτ(k+l))]〉f(u0) where τ is a permutation in Sk+l+1. If the vertex map of f is
a bijection then each such term is equal to

(19) 〈α, [f(uτ(0)) ... f(uτ(k))]〉f(u0) 〈w, [f(uτ(k)) ... f(uτ(k+l))]〉

by the cup product result by relabelling the vertices under the permutation τ .
If the vertex map of f is not a bijection then the LHS of (18) is 0. To show that the RHS is also

0 assume that for some i 6= j, f(ui) = f(uj). If both i and j are in {τ(0), . . . , τ(k)} or both are in
{τ(k), . . . , τ(k + l)} then that particular term of the form (19) is 0 for dimensional reason.

So assume now that i = τ(a) and j = τ(b) for 0 ≤ a ≤ k and k ≤ b ≤ k + l so that the term
of type (19) is not automatically 0. In this case, there will be a matching term in which j = τ(a)
and i = τ(b). These two terms are identical and appear with opposite signs sgn(τ) and hence
cancel. �

7. Discrete exterior covariant derivative

The covariant derivative ∇ in smooth geometry is initially defined as an an operator on sections
of a smooth vector bundle. It has a natural extension to the exterior covariant derivative d∇,
an operator on vector bundle valued differential forms as in (2). This extension has important
geometric content, e.g., d∇ squares to the curvature of the connection.

Similarly, the discrete covariant derivative was initially defined as an operator on sections in
Definition 3.7. In this section we extend it to vector bundle valued k-cochains for k > 0. This
generalization is the simplicial interpretation of the operator defined in infinitesimal context by
Kock [7]. We show here that this simplicial interpretation satisfies Leibniz rule with respect to the
discrete wedge product defined in §6 and it commutes with pullback by abstract simplicial maps.
A point of departure from Kock [7] is that his wedge product is closer to a cup product rather than
an anti-symmetrized one.

As above, through this section (E,∇) denotes a discrete vector bundle with connection on a
simplicial complex X.

Definition 7.1. Let α ∈ Ck−1(X;E) be a (k−1)-cochain. The discrete exterior covariant derivative
of α is the k-cochain d∇α ∈ Ck(X;E) characterized by

(20) 〈d∇α, [0 ... k]〉0 := U01〈α, [1 ... k]〉1 +
k∑

i=1

(−1)i〈α, [0 ... î ... k]〉0

for σ = [0 ... k] a k-simplex in X.

As mentioned in §3 Leibniz rule is a defining property of covariant derivative. This is also the
case for the exterior covariant derivative. We first prove this for sections and then extend it to
higher degree cochains.

Proposition 7.2 (Leibniz rule for sections). For any f ∈ C0(X), section s ∈ C0(X;E) and edge
[ij] in X:

(21) 〈∇(f ∧ s), [ij]〉i = 〈df ∧ s+ f ∧ ∇s, [ij]〉i .
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Proof. The LHS is Uij(fjsj)− fisi. On the RHS

〈df ∧ s, [ij]〉i =
1

2

[
〈df, [ij]〉Uijsj − 〈df, [ji]〉si

]
=

1

2
(fj − fi)(Uijsj + si)

〈f ∧∇s, [ij]〉i =
1

2

[
fi〈∇s, [ij]〉 − fj〈∇s, [ji]〉i

]
=

1

2

[
fi(Uijsj − si)− fj(si − Uijsj)

]

=
1

2
(fi + fj)(Uijsj − si) .

Thus

〈df ∧ s, [ij]〉i + 〈f ∧ ∇s, [ij]〉i =
1

2
(fj − fi)(Uijsj + si) +

1

2
(fi + fj)(Uijsj − si)

= Uij(fjsj)− fisi .

�

To prove a generalization to wedge product involving higher degree cochains we need the corre-
sponding result for cup product.

Proposition 7.3. (Leibniz rule for cup products) The operators d∇ and d satisfy a Leibniz rule
with respect to the cup product of α ∈ Ck(X;E) and w ∈ C l(X). That is:

(22) 〈d∇(α ⌣ w), [0 ... k+l+1]〉0 = 〈d∇α ⌣ w, [0 ... k+l+1]〉0 + (−1)k〈α ⌣ dw, [0 ... k+l+1]〉0

Proof. By definition of d∇, the LHS of (22) is

U01〈α ⌣ w, [1 ... k+l+1]〉1 +
k+l+1∑

i=1

(−1)i〈α ⌣ w, [0 ... î ... k+l+1]〉0 .

Next we evaluate the cup products. The summation above is split into two so that the omitted
index is either in the evaluation of α or in the evaluation of w. Thus the LHS of (22) becomes:

(23) U01〈α, [1 ... k + 1]〉1 〈w, [k+1 ... k+l+1]〉+
k∑

i=1

(−1)i〈α, [0 ... î ... k+1]〉0 〈w, [k+1 ... k+l+1]〉+

k+l+1∑

i=k+1

(−1)i〈α, [0 ... k]〉0 〈w, [k ... î ... k+l+1]〉 .

On the other hand the first term on the RHS of (22) evaluates to

〈d∇α, [0 ... k + 1]〉0 〈w, [k + 1 ... k+l+1]〉 ,

which expands to

U01〈α, [1 ... k+1]〉1 〈w, [k + 1 ... k+l+1]〉+
k+1∑

i=1

(−1)i〈α, [0 ... î ... k+1]〉0 〈w, [k+1 ... k+l+1]〉 .

We will separate out the last term in the summation above in preparation for a cancellation which
yields

(24) U01〈α, [1 ... k+1]〉1 〈w, [k+1 ... k+l+1]〉 +

k∑

i=1

(−1)i〈α, [0 ... î ... k+1]〉0 〈w, [k+1 ... k+l+1]〉+ (−1)k+1〈α, [0 ... k]〉0 〈w, [k+1 ... k+l+1]〉 .
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Continuing with the RHS of (22), the second term of the RHS of (22) with the sign (−1)k included
evaluates to

(−1)k〈α, [0 ... k]〉0 〈dw, [k ... k+l+1]〉 = (−1)k〈α, [0 ... k]〉0

k+l+1∑

i=k

(−1)(i−k)〈w, [k ... î ... k+l+1]〉 .

Separating out the first term in the summation above results in the second term in RHS of (22)
becoming

(25) (−1)k〈α, [0 ... k]〉0 (−1)0〈w, [k+1 ... k+l+1]〉+

(−1)k
k+l+1∑

i=k+1

〈α, [0 ... k]〉0 (−1)(i−k)〈w, [k ... î ... k+l+1]〉 .

On adding (24) and (25) the last term in (24) and the first term in (25) cancel and the result
is (23). �

In the case of DEC the Leibniz rule with respect to cup product easily implies a product rule with
respect to discrete wedge product. Consider scalar-valued cochains α ∈ Ck(X) and w ∈ C l(X).
Each element of the permutation group Sk+l+2 acts as an isomorphism on a (k+l+1)-simplex σ.
Each permutation of vertices defines a vertex map which corresponds to an abstract simplicial
isomorphism. Using τ to refer to an element of Sk+l+2 as well as the corresponding simplicial
isomorphism, note that τ commutes with the boundary operator on chains. Thus

〈d(α ∧ w), σ〉 = 〈α ∧w, ∂σ〉 =
∑

τ

sgn(τ)〈α ⌣ w, τ∂σ〉

=
∑

τ

sgn(τ)〈α ⌣ w, ∂τσ〉 =
∑

τ

sgn(τ)〈d(α ⌣ w), τσ〉 ,

which, by Leibniz rule for cup products is

=
∑

τ

sgn(τ)〈dα ⌣ w + (−1)|α|α ⌣ dα, τσ〉 = 〈dα ∧w + (−1)|α|α ∧ dα, 〉.

This approach however does not work directly for vector bundle valued cochains unless one intro-
duces some notion of vector bundle valued chains. Rather than developing the latter, we instead
use the proof of Proposition 7.3 to show the Leibniz rule for wedge products as follows.

Corollary 7.4 (Leibniz rule). Let α ∈ Ck(X;E) and w ∈ C l(X). Then

(26) 〈d∇(α ∧ w), [0 ... k+l+1]〉0 = 〈d∇α ∧w + (−1)kα ∧ dw, [0 ... k+l+1]〉0 .

Proof. The LHS of (26) is

U01〈α ∧ w, [1 ... k+l+1]〉1 +

k+l+1∑

i=1

(−1)i〈α ∧ w, [0 ... î ... k+l+1]〉0 .

Thus instead of (23) in the proof of Proposition 7.3 the above evaluates to

(27) U01

∑

τ

sgn(τ)〈α, τ [1 ... k + 1]〉1 〈w, τ [k+1 ... k+l+1]〉+

k∑

i=1

(−1)i
∑

τ

sgn(τ)〈α, τ [0 ... î ... k+1]〉0 〈w, τ [k+1 ... k+l+1]〉+

k+l+1∑

j=k+1

(−1)j
∑

τ

sgn(τ)〈α, τ [0 ... k]〉0 〈w, τ [k ... î ... k+l+1]〉 ,
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where the summation above and in rest of this proof is over all permutations in τ ∈ Sk+l+2 and
τ [v0 ... vm] = [τ(v0) ... τ(vm)]. Similarly the two terms on the RHS of (26) will be modifications
of (24) and (25) with summations over the permutations. These summations will be the outer-
most summations. Just as the last term of (24) and first term of (25) cancelled on addition, the
corresponding modified terms will now be

∑

τ

sgn(τ)(−1)k+1〈α, τ [0 ... k]〉0 〈w, τ [k+1 ... k+l+1]〉

and ∑

τ

sgn(τ)(−1)k〈α, τ [0 ... k]〉0 (−1)0〈w, τ [k+1 ... k+l+1]〉

which also cancel when added. The remaining terms on the RHS of (26) add up to (27) after
swapping the summations over the permutations with the other summations that appear in (27). �

In the above proof the efficacy of the evaluation notation 3.4 can be seen in action. A term like
〈α, τ [0 ... k]〉0 is shorthand for U0 τ(i)〈α, τ [0 ... k]〉τ(i) where Eτ(i) is the fiber containing the evaluation
of the cochain which would be unwieldy to keep track of in proofs such as the one above.

As mentioned in the Introduction, the fact that the exterior derivative for de Rham complex
commutes with pullback by smooth maps is the generalization of chain rule of calculus. This
naturality is an important property and it is satisfied by the discrete covariant derivative, with
smooth maps replaced by abstract simplicial maps.

Proposition 7.5 (Naturality of d∇). Let (E,∇) be a discrete vector bundle with connection on a
simplicial complex Y , and f : X → Y an abstract simplicial map. Then for any α ∈ Ck(Y ;E) and
(k + 1)-simplex [u0 ... uk+1] in X:

(28) 〈f∗d∇α, [u0 ... uk+1]〉u0 = 〈d∇f
∗α, [u0 ... uk+1]〉u0 .

Proof. Let f([u0 ... uk+1]) be an l-simplex in Y . There are two cases to consider: l = k + 1 or
l < k+1. For the case of l = k+1, (28) follows in a straightforward manner from definitions of the
discrete pullback bundle and discrete exterior covariant derivative. The case l < k + 1 arises when
at least two of the vertices of [u0 ... uk+1] map to the same vertex in Y . Since vertex labels are
arbitrary, suppose without loss of generality that f(u0) = f(u1) = v0. There may be other vertices
that map to a common vertex, but it is enough to consider just one pair. The LHS of (28) is then
0. In the pullback bundle f∗E over X the parallel transport map on the edge [u0, u1] is IdE0 where
E0 is the fiber over vertex v0 in Y . Thus RHS of (28) is

〈α, f([u1 ... uk+1])〉u1 +

k+1∑

j=1

(−1)j〈α, f([u0 ... ûj ... uk+1])〉u0 .

If l < k then each term in the above expression is 0. If l = k then the above expression reduces to

〈α, f([u1 ... uk+1])〉u1 − 〈α, f([u0û1 ... uk+1])〉u0 ,

which is 0 since f(u0) = f(u1) and the transport map from u1 to u0 is identity. �

Corollary 7.6. Given simplicial complexes X and Y , abstract simplicial map f : X → Y and a
scalar-valued cochain α ∈ Ck(Y ), pullback by f commutes with the discrete exterior derivative, that
is, f∗d = d f∗.

Proof. This follows by noting that the definition of the discrete exterior derivative d is the same as
that for d∇ when U01 = IdE0 and the rank of the bundle over X is 1. �

Example 7.7. Let X, Y , (E,∇), f : X → Y and α ∈ C1(Y ;E) be as in Example 3.16. We will
check that 〈d∇f

∗α, [ui, uj , uk]〉ui
= 〈f∗d∇α, [ui, uj , uk]〉ui

for all triangles [ui, uj , uk] of X.
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The transport maps of the pullback bundle f∗E over X are U10, U20 and U21 on edges [u0, u1],
[u0, u2] and [u1, u2], respectively. On the other three edges of X the transport maps are IdE0 on
[u0, u3], U01 = U−1

10 on [u1, u3] and U02 = U−1
20 on [u2, u3]. Now we compute, using the evaluations

of the pullback from Example 3.16.

〈d∇f
∗α, [u0, u1, u2]〉u0 = U01〈f

∗α, [u1, u2]〉u1 − 〈f∗α, [u0, u2]〉u0 + 〈f∗α, [u0, u1]〉u0

= U01〈α, [v1, v2]〉v1 − 〈α, [v0, v2]〉v0 + 〈α, [v0, v1]〉v0

= 〈d∇α, [v0, v1, v2]〉v0 = 〈f∗d∇α, [u0, u1, u2]〉u0

〈d∇f
∗α, [u1, u2, u3]〉u1 = U12〈f

∗α, [u2, u3]〉u2 − 〈f∗α, [u1, u3]〉u1 + 〈f∗α, [u1, u2]〉u1

= U12〈α, [v2, v0]〉v2 − 〈α, [v1, v0]〉v1 + 〈α, [v1, v2]〉v1

= 〈d∇α, [v1, v2, v0]〉v1 = 〈f∗d∇α, [u1, u2, u3]〉u1

〈d∇f
∗α, [u0, u1, u3]〉u0 = U01〈f

∗α, [u1, u3]〉u1 − 〈f∗α, [u0, u3]〉u0 + 〈f∗α, [u0, u1]〉u0

= U01〈α, [v1, v0]〉v1 − 〈α, [v0]〉v0 + 〈α, [v0, v1]〉v0

= 〈α, [v1, v0]〉v0 + 〈α, [v0, v1]〉v0 = 0

〈d∇f
∗α, [u0, u2, u3]〉u0 = U02〈f

∗α, [u2, u3]〉u2 − 〈f∗α, [u0, u3]〉u0 + 〈f∗α, [u0, u2]〉u0

= 〈α, [v2, v0]〉v0 + 〈α, [v0, v2]〉v0 = 0 .

Metric compatible connections. Suppose that the fibers of a smooth vector bundle E → M

are equipped with a smoothly-varying inner product 〈−,−〉. Then a connection ∇ on E is metric
compatible if there is an equality of 1-forms,

d〈s, s′〉 = 〈∇s, s′〉+ 〈s,∇s′〉 ∈ Λ1(M)(29)

using the inner product of vector bundle valued forms determined by the inner product on fibers
discussed in the next paragraph. One consequence of metric compatibility is that parallel transport
with respect to ∇ yields an inner product preserving map on the fibers of E. This characterization
in terms of parallel transport fits nicely in the discrete framework, as already seen in Definition 5.5
above. We now seek to show that this previous definition is equivalent to an appropriate discretiza-
tion of the formula (29).

Before turning to this discrete theory, we recall a construction of the inner product on smooth
forms used in (29). Let α ∈ Λk(M ;E) and β ∈ Λl(M ;E) for a smooth vector bundle π : E → M

of rank r. Let xi, i = 1, . . . , n be coordinates of M in a coordinate domain U containing p ∈ M

and let vs, s = 1, . . . , r be a local frame of E in an open subset of π−1(U). In local coordinates,
α = αIs dx

I ⊗ vs and β = βJt dx
J ⊗ vt where we have used the multi-index notation [8, Chapter

14]. Then α∧β is a vector bundle valued form in the vector bundle E⊗E and in local coordinates

α ∧ β = αIsβJt dx
I ∧ dxJ ⊗ vs ⊗ vt

using the Einstein summation notation. Suppose the fibers of E come equipped with an inner
product 〈−,−〉. Then we have the local definition,

〈α, β〉 := αIsβJt dx
I ∧ dxJ〈vs, vt〉 ∈ Λk+l(M)(30)

of the inner product as a (k + l)-form on M .
The above discussion carries over neatly to the discrete case, leading to formula for metric

compatible connections as in (29). We start with the definition.
Given a discrete vector bundle with connection (E,∇) with metric (as in Definition 5.5), let u ·v

denote the inner product for u, v ∈ Ei. The formula (30) together with the averaging interpretation
of wedge products of scalar cochains leads to the correct discrete definition of the inner product
on vector bundle valued discrete cochains. We only require the following special cases for 0- and
1-cochains.
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Definition 7.8. Given α ∈ C1(X,E) and s, s′ ∈ C0(X,E) the inner product α · s ∈ C1(X) of the
1-cochain and section is defined using the averaging interpretation of wedge product of cochains
and its value on an edge [01] is

〈α · s, [01]〉0 = 〈s · α, [01]〉0 := 〈α, [01]〉0 ·
s0 + U01s1

2
.

The inner product between the sections s and s′ is s · s′ ∈ C0(X) and its value at a vertex 0 is
s0 · s

′
0.

Proposition 7.9 (Metric compatibility). Let (E,∇) be a discrete vector bundle with metric. Then
the connection is metric compatible if and only if for all s, s′ ∈ C0(X,E),

d(s · s′) = ∇s · s′ + s · ∇s′.(31)

i.e., the discrete version of (29) holds.

Proof. We will only prove the real case, so that the parallel transport maps are assumed to be
orthogonal. Let [01] be an edge in X. Then the evaluation of the LHS on the edge is 〈d(s · s′), [01]〉
is s1 · s

′
1 - s0 · s

′
0. Evaluating the RHS on this edge

〈∇s · s′, [01]〉0 + 〈s · ∇s′, [01]〉0 = 〈∇s, [01]〉0 ·
s′0 + U01s

′
1

2
+

s0 + U01s1

2
· 〈∇s′, [01]〉0 .

Then using the definition of ∇s, the cross terms in the resulting RHS expression cancel and the
remaining terms add up to (U01s1)·(U01s

′
1)−s0 ·s

′
0 which is the same as LHS since U01 is orthogonal.

Running this argument backwards, we see that (31) implies that (U01s1) · (U01s
′
1) = s1 · s

′
1, i.e., the

parallel transport matrices are orthogonal with respect to the inner products on fibers. �

8. Curvature as a homomorphism valued cochain

As mentioned in the Introduction, in the smooth theory, the curvature operator d∇ ◦ d∇ = F

is in Λ2(M ; End(E)), the space of endomorphism-valued 2-forms. A common theme in DEC and
discretizations developed in this paper is “spreading out” of pointwise definable objects when they
are discretized. For example, differential k-forms are replaced by simplicial cochains taking values
on k-simplices rather than at a point. The exterior derivative is replaced by the coboundary
operator that acts on k-cochains.

A similar theme repeats in our discretization of endomorphism-valued forms, of which the curva-
ture operator F is the main example. Our combinatorial framework for a discrete bundle analogous
to Λk(M ; End(E)) consists of mappings between different vertices and so we will call these homo-
morphism valued. For bookkeeping purposes we will take these to be from the highest numbered
vertex to the lowest but the theory can be developed for arbitrary choice of starting and ending
vertex as long as one keeps track of these for each simplex.

Definition 8.1. A homomorphism-valued k-cochain A is a map whose value at each k-simplex
[0 ... k] is a linear map Ek → E0. The bundle of homomorphism-valued k-cochains is denoted
Ck(X; Hom(E)). Given A ∈ Ck(X; Hom(E)) and α ∈ C l(X;E) the action of A on α is defined as:

(32) 〈A α, [0 ... k + l]〉0 = 〈A, [0 ... k]〉0 〈α, [k ... k + l]〉k .

Remark 8.2. Before we define a discrete curvature operator consider the following simple compu-
tation. Let s ∈ C0(X;E) be a section. Then the value of d2∇s = d∇∇s on a triangle [012] is
〈d∇d∇s, [012]〉0 = U01〈d∇s, [12]〉1 − 〈d∇s, [02]〉0 + 〈d∇s, [01]〉0 = U01(U12s2 − s1) − (U02s2 − s0) +
(U01s1 − s0) = (U01U12 − U02)s2. Since d2∇ = F in the smooth theory, this computation suggests
the following definition for discrete curvature F .
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Definition 8.3. Given a discrete vector bundle with connection (E,∇) over X with parallel
transport maps denoted by U , the discrete curvature is a homomorphism-valued 2-cochain, F ∈
C2(X; Hom(E)), defined on a triangle [012] by

(33) 〈F, [012]〉 = U01U12 − U02 .

We will also write 〈F, [012]〉 as F012.

Remark 8.4. The action defined by (32) uses a cup product rather than an anti-symmetrized cup
product such as was used in Defintion 6.1 of the discrete wedge product. We now see why that
is justified in a self-consistent discrete theory. Starting with a definition of d∇ on vector bundle
valued cochains the computation in Remark 8.2 has led to the above definition of discrete curvature
F . Since 〈d2∇s, [012]〉 = 〈F, [012]〉s2 = 〈F, [012]〉 〈s, [2]〉2 this can be achieved via a cup product in
the evaluation 〈F s, [012]〉0. This suggests Defintion 8.1 as the correct generalization to action of
higher degree homomorphism valued cochains. While this is merely suggestive, the fact that it
leads to a self-consistent discrete theory including all forms of Leibniz rules and Bianchi identity
are points in its favor.

According to Definition 8.3 the action of the curvature homomorphism is to move a section
along two paths in a triangle and compare the resulting transported values. This is unlike the more
common “holonomy minus identity” definition of curvature which is the measure of how much a
vector is changed when it is brought all of the way around a triangle back to its starting point.
These two variants are related by a parallel transport since U20F012 = U20U01U12 − IdE2 but it is
the one in (33) that we are led to naturally as indicated in Remark 8.2.

The next proposition shows that the characterization of flat connections in terms of curvature is
similar to that in the smooth case; the proof is straightforward and left to the reader.

Proposition 8.5. A discrete vector bundle with connection is flat (in the sense of Definition 4.6)
if and only if its curvature vanishes, F = 0.

We collect a few elementary properties of discrete curvature below including how it transforms
under change in the orientation of the triangle and under gauge transformations. The former results
in appropriate sign changes and transports and the latter transforms our discrete curvature in the
same way as the holonomy minus identity version transforms.

Proposition 8.6. Given a discrete vector bundle with connection with curvature F the following
are true

(i) F021 = −F012U21

(ii) F102 = −U10F012

(iii) F120 = U10F012U20

(iv) F201 = U20F012U21

(v) F210 = F012
−1

(vi) Given a gauge transformation g with value gi at vertex i, the curvature transforms as F012 7→
g0 F012 g−1

2 .

Proof. (i)-(v) follow easily from definition of curvature and (vi) follows from the fact that parallel
transports transform under gauge transformation as Uij 7→ gi Uij g

−1
j . �

The above constructions of the homomorphism valued cochains including the curvature lead to
an extension of the discrete exterior covariant derivative to homomorphism-valued cochains which
is defined next.
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Definition 8.7. Let A ∈ Ck(X; Hom(E)). Then the evaluation of d∇A on a simplex [0 ... k + 1] is

(34) 〈d∇A, [0 ... k + 1]〉0 := U01〈A, [1 ... k + 1]〉1 +
k∑

i=1

[
(−1)i〈A, [0 ... î ... k + 1]〉0

]
+

(−1)k+1〈A, [0 ... k]〉0 Uk,(k+1) .

This is almost like the definition of d∇ on vector bundle valued cochains except for the last term.
This is needed since the terms 〈A, [1 ... k+1]〉1 and 〈A, [0 ... î ... k+1]〉0 are maps from Ek+1 whereas
〈A, [0 ... k]〉 is a map from Ek. Thus a transport from k + 1 to k is needed in the last term in (34).

Recall that in the smooth setting, for any vector bundle valued form α, acting by d∇ twice is the
same as acting on α with the curvature. Our discrete exterior covariant derivative satisfies a discrete
version of that property where the action of a homomorphism-valued cochain on a vector-valued
cochain is as defined in Definition 8.1.

Proposition 8.8 (d2∇ = F ). Given (E,∇) a discrete vector bundle with connection over X, α ∈

C(k−1)(X;E), k ≥ 1 and a (k + 1)-dimensional simplex [0 ... k + 1]

〈d∇d∇α, [0 ... k + 1]〉0 = 〈Fα, [0 ... k + 1]〉0 .

Proof. Applying the exterior covariant derivative twice to the vector-valued (k−1)-cochain α gives:

(35) 〈d∇d∇α, [0 ... k + 1]〉0 = U01〈d∇α, [12 ... k + 1]〉1 +

k+1∑

i=1

(−1)i〈d∇α, [01 ... î ... k + 1]〉0 .

The first term on the RHS in (35) is U01〈d∇α, [12 ... k + 1]〉1 =

(36) U01

(
U12〈α, [2 ... k + 1]〉2 +

k+1∑

i=2

(−1)i−1〈α, [12 ... î ... k + 1]〉1

)
.

Separating the first term from the summation term in RHS in (35) we have

(37) (−1)〈d∇α, [02 ... k + 1]〉0 +

k+1∑

i=2

(−1)i〈d∇α, [01 ... î ... k + 1]〉0 .

Using the definition of d∇ for the first term in (37) that term (−1)〈d∇α, [02 ... k + 1]〉0 =

(38) (−1)U02〈α, [2 ... k + 1]〉2 −
k+1∑

i=2

(−1)i−1〈α, [02 ... î ... k + 1]〉0 .

Expanding d∇ in the second term in (37)

k+1∑

i=2

(−1)i〈d∇α, [01 ... î ... k + 1]〉0 =

(39) U01

k+1∑

i=2

(−1)i〈α, [12 ... î ... k + 1]〉1+

k+1∑

i=2




i−1∑

j=1

(−1)i+j〈α, [012 ... ĵ ...̂i ... k + 1]〉0 +

k+1∑

j=i+1

(−1)i+j−1〈α, [012 ... î...ĵ ... k + 1]〉0


 .

The first term in (36) and the first term in (38) combine to give the curvature F :

U01U12〈α, [2 ... k + 1]〉2 − U02〈α, [2 ... k + 1]〉2 = F012〈α, [2 ... k + 1]〉2 = 〈Fα, [0 ... k + 1]〉0 .
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The terms that remain unaccounted for are the second term in (38) and the double summation

terms in (39). The j = 1 term in the first double sum in (39) is
∑k+1

i=2 (−1)i+1〈α, [02 ... î ... k + 1]〉0
which cancels with the second term in (38). Thus it finally remains to show that

(40)
k+1∑

i=2




i−1∑

j=2

(−1)i+j〈α, [012 ... ĵ ...̂i ... k + 1]〉0 +
k+1∑

j=i+1

(−1)i+j−1〈α, [012 ... î...ĵ ... k + 1]〉0


 = 0 .

This just requires an accounting of the indices as follows. Let I1 = {(i, j) | 2 ≤ i ≤ k + 1, 2 ≤ j ≤ i− 1}
and I2 = {(i, j) | 2 ≤ i ≤ k + 1, i+ 1 ≤ j ≤ k + 1} be the set of indices in the two double sums
in (40). Then it is clear that (i, j) ∈ I1 if and only if (j, i) ∈ I2. Thus the two double sums have
exactly the same terms with opposite signs and hence add up to 0. �

A straightforward simple consequence of the definitions of curvature and d∇ above is a combi-
natorial Bianchi identity.

Proposition 8.9 (Bianchi identity). The discrete curvature satisfies the Bianchi identity d∇F = 0.

Proof. Consider a tetrahedron [0123]. By Definition 8.7

〈d∇F, [0123]〉0 = U01F123 − F023 + F013 − F012U23

= U01(U12U23 − U13)− (U02U23 − U03) + (U01U13 − U03)− (U01U12 − U02)U23 = 0

�

Remark 8.10. We note that the above combinatorial Bianchi identity is not true due to F being
constant on each triangle. Since F is a 2-cochain, d∇F is a 3-cochain and hence it has to be
evaluated on tetrahedra. Thus the triangles of a tetrahedron are all involved in the cancellation
that leads to the Bianchi identity.

Finally we show that the d∇ on C•(X; Hom(E)) and on C•(X;E) are compatible with each
other via a Leibniz rule.

Proposition 8.11. Given A ∈ Ck(X;Hom(E) and α ∈ C l(X;E)

〈d∇ (Aα) , [0 ... k + l + 1]〉0 = 〈d∇A, [0 ... k + 1]〉0 〈α, [k + 1 ... k + l + 1]〉k+1(41)

+ (−1)k〈A, [0 ... k]〉0 〈d∇α, [k ... k + l + 1]〉k .(42)

Proof. The LHS of (41), 〈d∇ (Aα) , [0 ... k + l + 1]〉0 is

U01〈Aα, [1 ... k + l + 1]〉1 +

k+l+1∑

i=1

(−1)i〈Aα, [0 ... î ... k + l + 1]〉0 ,

which using (32) is

(43)

U01〈A, [1 ... k+1]〉1 〈α, [k+1 ... k+l+1]〉k+1+

k∑

i=1

(−1)i〈A, [0 ... î ... k+1]〉0 〈α, [k+1 ... k+l+1]〉k+1

+
k+l+1∑

i=k+1

(−1)i〈A, [0 ... k]〉0 〈α, [k ... î ... k + l + 1]〉k

Next we add and subtract (−1)k+1〈A, [0 ... k]〉0 Uk,k+1〈α, [k+1 ... k+ l+1]〉k+1 to (43). The added

term combines with the first two terms of (43), extending the summation
∑k

i to i = k + 1 which
can then be recognized as 〈d∇A, [0 ... k + 1]〉0 〈α, [k + 1 ... k + l + 1]〉k+1. The subtracted term has
sign −(−1)k+1 = (−1)k and this is combined with the last summation to extend that sum to start
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from i = k. With that the resulting summation is recognized as (−1)k〈A, [0 ... k]〉0 〈d∇α, [k ... k +
l + 1]〉k. �

9. Conclusion

We have given a combinatorial discretization of vector bundles with connection. Using d∇ as
the building block, curvature emerges from the discretization as a homomorphism valued cochain.
While we have studied the notion of a bundle metric, we did not discuss Riemannian metric here.
Organizing the discrete connection as we have, by placing fibers at vertices is not the only way to
organize such a discrete theory. For example, Christiansen and Hu [2] place the fibers at a simplex
of every dimension. This also leads to a discrete Bianchi identity and other properties.

References

[1] Christiansen, S. H., and Halvorsen, T. G. A simplicial gauge theory. J. Math. Phys. 53, 3 (2012), 033501,
17.

[2] Christiansen, S. H., and Hu, K. Finite element systems for vector bundles : elasticity and curvature, 2019.
arXiv:1906.09128.

[3] Cohen, M. M. A course in simple-homotopy theory. Springer-Verlag, New York-Berlin, 1973. Graduate Texts
in Mathematics, Vol. 10.

[4] Dodziuk, J. Finite-difference approach to the Hodge theory of harmonic forms. Amer. J. Math. 98, 1 (1976),
79–104.

[5] Hirani, A. N. Discrete Exterior Calculus. PhD thesis, California Institute of Technology, 5 2003.
[6] Kock, A. Synthetic Differential Geometry. Cambridge University Press, Cambridge, 1981.
[7] Kock, A. Combinatorics of curvature, and the bianchi identity. Theory and Applications of Categories 2, 7

(1996), 69–89.
[8] Lee, J. M. Introduction to topological manifolds, second ed., vol. 202 of Graduate Texts in Mathematics. Springer,

New York, 2011. doi:10.1007/978-1-4419-7940-7.
[9] Liu, B., Tong, Y., Goes, F. D., and Desbrun, M. Discrete connection and covariant derivative for vector

field analysis and design. ACM Transactions on Graphics (TOG) 35, 3 (2016), 1–17.
[10] Montvay, I., and Munster, G. Quantum fields on a lattice. Cambridge University Press, Cambridge, 1997.
[11] Wilson, K. G. Confinement of quarks. Phys. Rev. D 10 (10 1974), 2445–2459. doi:10.1103/PhysRevD.10.2445 .

Email address: danbe@illinois.edu

Department of Mathematics, University of Illinois at Urbana-Champaign, 1409 West Green Street,

Urbana, IL 61801

Email address: hirani@illinois.edu

Department of Mathematics, University of Illinois at Urbana-Champaign, 1409 West Green Street,

Urbana, IL 61801

Email address: mdschubel@gmail.com

Department of Physics, University of Illinois at Urbana-Champaign, 1110 West Green Street,

Urbana, IL 61801

Current address: Apple Inc., One Apple Park Way, Cupertino, CA 95014

http://arxiv.org/abs/1906.09128
http://dx.doi.org/10.1007/978-1-4419-7940-7
http://dx.doi.org/10.1103/PhysRevD.10.2445

	1. Introduction
	Statement of results

	2. Background: Discrete exterior calculus and naturality
	3. Discrete Vector Bundles with Connection
	4. Flat vector bundles and trivializability
	5. Reduction of structure group and trivial subbundles
	6. Wedge Product and Naturality
	7. Discrete exterior covariant derivative
	Metric compatible connections

	8. Curvature as a homomorphism valued cochain
	9. Conclusion
	References

